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1. Introduction 

-5 
In this monograph* givep mathematical analysis of 

spectral methods for mixed initial-boundary value problems. 

Spectral methods have become increasingly popular in recent 

years, especially since the development of fast transform 
9 

methods +see- Seei--HW, with applications in numerical weather 

prediction, numerical simulations of turbulent flaws, and other 

problems where high accuracy is desired for complicated solutions. 

We do not discuss the sophisticated applications of spectral 

methods here; a survey of some applications is given in Sec. 15. 

Instead, we concentrate onjhe development of a mathematical theory 

' d n  that explains why spectral methods work and how well they work. 

Before presenting the theory, we begin by giving some simple 7 
examples of the kinds of behavior that we wish tc explain. 

Spectral methods involve representing the solution to a 

problem as a truncated series of known functions of the inde- 

pendent variables. We shall make this idea precise in Sec. 2, 

but we can illustrate it here by the standard separation of 

variables solution to the mixed ini-:ial-boundary value problem 

for the heat equation. 

Example 1.1: Fourier sine series solution of the hest equation. 

Consider the mixed initial-boundary value problem 

- 1 -  
h i p  T 



Tho solution to (1.1) is 
w 

where 
II 

fn = + /f (x) sin nx dx (n=1,2,. . . , I  

are the coefficients of the Fourier sine series expansion of 

f (x) . Recall that any funktion in L2 (0,l~) nas a Fourier sine 

series that converges to it in L2(0,n): the Fourier sine series 

of any piecewise continuous function f(x) which has bounded 

variation on converges throughout 

A spectral approximation is gotten by simply truncating 

and replacing ( 1.3 ) by the evolution equation 

with the initial conditions a, (0) = fn ( n = l ,  . ,N) . 
The spectral approximation (1.5-6 j to (1.1) is an ex- 

ceedingly good approximation for any t ' 0 as N -+ => . 
In fact. the ermr u (x, t) - II~(X, t) goes to zero morr i.ap.idly 

than e -A N + w for any t > 0 . In contrast, a finite 

difference approximation to the heat equation using N grid points 



in x but 1,eavfng t as a continuous variable (a 'semi- 

discrete' approximation) leads to errors that decay only 

algebraically with N as N + . [Of course, if we solve 

(1.6) by finite differences in t the error of the spectral 

method would go to zero algebraically with the time step At. 

Howev~r, we shall neglect all time differencing errors for now 

and otudy only the convergence of semi-dixrete approximations. 

Tim-dif ferencing methods are discussed ir: Sec. 9 4 

Example 1.2: Fourier sine series solution of an inhomogeneous ,- 

heat equation. 

Not all spectral methods work as well as the trivial one 

just outlined in Exmnple 1.1. Consider for example the soluJ:ion 

to the problem 

with thc same initial and boundary conditions LS before. 

The Fourier sine coefficiects of the exact solution are now 

where en = 0 if n is even and en = 1 if n is odd. Spectral 

approximations are now given by (1.5) w.ith (1.6) replaced by 



the solution of which is (1.7) for n = 1, ..., N. Now the 

truncation error u (x, t - uN ( x ,  t) no longer decays exponentially 

as N + ; the error is of order N - 3  as N ,,) for fixed 

S ,  o , x n , and t ' 0 . In other words, the results 

to be anticipated from this spectral method behave asymptotically 

as N -, in the same way as those obtained by a third-order 

finite-difference scheme [in which the error goes to zero like 
3 nx3 (n/N) 1 .  For this problem, st.raiqhtfownrd )luiion by 

finite differences may hc mnrc efficient and nccurate than solution 
by Fourier series. 

The last cxamplc may be disturbiny but even more serious 

difficult.ies confront the unwary user of spectral methods, as 

the next example should m k c  amply clear. 

Example 1.3: Fourier sine series solution of th? one- 
--.- - -- 

amensi~nal wave equation. 

Consider the mixed initial-boundary value problem for the 

one-dimens ionn 1 wave eyuatior~ 

The exact solution to this well posed problem is u(x,t) = xt. 

This solution can also be ~ound by Fourier sir& series expansiori 

of u(x,t). To do this, we substitute (1.2) into (1°C) and re- 

expand 811 terms in sine series. The Fourier expansion of 3u/3x is 



where integration by parts gives 

2 
71 2n 

n 
bn(t) = 1 :+ sin nx dx, = - -- u cos nx dx 

0 0 

- n 1 am(t )  sin ax cos nx dx, 
n=l 0 

m+n odd 

Also the Fourier sine coefficients of x are 2/n(-1) "+' and 

the Fourier sine coefficients of t are (4t/sn)en, where en = 0 

if n is even and en = 1 if n is odd. Equating coefficients 

of sin nx in (1.8a! we obtain 

m+n odd 

The Fourier sine coefficients of the exact solution 

u(x,t) = xt are 

It is easy to verify by direct substitution that these coefficients 

satisfy (1.11) exactly; in particclar, the sum in (1.11) converges 

for all t. 



Now suppose  we employ a s p e c t r a l  method l a s e d  o n  F o u r i e r  

s i n e  series to  s o l v e  t h i s  p r ~ b l a m .  We s e e k  a s o l u t i o n  to  (1 .8 )  i n  

t h e  form o f  the t r u n c a t e d  8 i n e  s e r i s a  (1 .4 )  . I f  t h e  e x a c t  co- 

e f f i c i e n t s  a , ( t )  a r e  u sed  i n  ( 1 . 4 )  t h e n  u ( x , t )  - u N ( x l t )  0 

a s  N + - ; f o r  each  f i x e d  x , 0 < x < n ,  and t -. '$0 

error is of o r d e r  1 / N  as N + (see Sec. 3 )  . 
However, it is  n o t  r e a s o n a b l e  t o  assume t h a t  the e x p a n s i o n  

c o e f f i c i e n t s  a n ( t )  a r e  known e x a c t l y  i n  t h i s  case because  o f  

the compl i ca t ed  c o u p l ~ n g s  between v a r i o u s  n  i n  t h e  sys t em 

(1.11b I t  is more r e a s c n a b l e  t o  d e t e r m i n e  them by numer i ca l  

s o l u t i o n  o f  a n  approximat ion  t o  (1.11). G a l e r k i n  a ~ ~ r o x i r n a t i o n  

(see Sec .  2) g i v e s  the t r u n c a t e d  sys tem o f  e q u a t i o n s  

m+n odd 

The t r u n c a t i o n  of t h a  i n f i n i t e  sys tem (1.11) t o  t h e  f i n i t e  

sys tem ( 1. i2! i s  a s t ~ ~ l d a r d  way t o  approximate  i n f i n i t e  coupled  

systems. U n f o r t u n . ~ t e l y ,  i t  need not work. I n  p i g s .  1 . 1 - 1 . 2  

w e  show p l o t s  o f  t h e  app rox ima t ions  u N ( x . t )  a t  t = 5 g i v e n  

by (1 .4 )  f o r  N = 50,75. These p l o t s  a r e  o b t a i n e d  by numer ica l  

s o l u t i o n  o f  (1.12) w i t h  a n ( 0 )  = 0; t h e  t i m e  s t e p s  used i n  t h e  

numer i ca l  s q l u t i o n  of (1 .12 )  are so s m a l l  t h a t  t i m e  d i f f e r e n c i n g  

e r r o r s  a r e  x g l i g i b l e .  I t  is a p p a r e n t  t h a t  t h e  approximate  s o l u -  



1
. 

A
 

p
lo

t 
o

f 
th

e 
G

a
le

rk
in

 a
p

p
r

o
a

h
a

ti
o

n
 

%
(x

,t
) 

to
 (

1
.8

) 

fu
. 

a
t 

t-
5.

 
T

h
is

 s
o

lu
ti

o
n

 
is

 o
b

ta
in

te
d

 b
y 

n
u

m
er

ic
a

l 
in

te
g

r
a

ti
c

o
 o

f 

1
.1

2
)

. 
T

im
e 

d
if

fe
r

e
n

c
in

g
 e

r
r

o
r

s 
a

r
e

 n
e

g
li

g
ib

le
. 

T
he

 
ex

a
ct

 
so

lu
ti

o
n

 
U
=
 

x
t 

a
t 

t 
-5

 
is

 a
ls

o
 s

h
ow

n
. 





t i o n s  w i t h  N f i n i t e  do n o t  c ~ e r g e  to t h e  e x a c t  s o l u t i o n  as N 

i n c r e a s e s !  The divergence o f  t h i s  s p e c t r a l  method w i l l  be ex- 

p la ined  i n  Sec. 6. 

Not a l l  s p e c t r a l  methods g i v e  such poor r e s u l t s .  A p r o p e r l y  

formulated and implemented s p e c t r a l  method g i v e s  r e s u l t s  o f  

s t r i k i n g  accuracy wi th  e f f i c i e n t  use  of  computer resources. 

The  cho ice  o i  an  a p p r o p r i a t e  spec  ral method is governed by 

two main cons ide ra t ions :  

(i) Accuracy. I n  o r d e r  t o  be useful. a 

s p e c t r a l  method should be des igned t o  g i v e  r e s u l t s  

of g r e a t e r  accuracy than  can be  obtained. by 

mare conventional  d i f f e r e n c e  methods u s i n g  similar 

s p a t i a l  r e s o l u t i o n  o r  degrees  o f  freedom. The cho ice  

o f  appropr ia te  s p e c t r a l  r e p r e s e n t a t i o n  depends on t h e  

k ind  ~f boundary c o n d i t i o n s  involved i n  t h e  probl=. 

(ii) Eff ic iency .  I n  o r d e r  t o  be u s e f u l  t h e  spec- 

t r a l  mzthod should be a s  e f f i c i e n t  a s  d i f f e r e n c e  

methods wi th  comparable numbers o f  degrees  of  

freedom. For s i m i l a r  work, s p e c t r a l  methods 

should produce mcre a c c u r a t e  r e s u l t s  than  

convent ional  methods. 

I n  Sec. 15,  w e  p r e s e n t  a c a t a l o g  of d i f f e r e n t  s p e c t r a l  methods 

and i n d i c a t e  t h e  k inds  of  problems t o  which t h e y  can be  most use- 

f u l l y  app l i ed .  

!.!any examples of e f f i c i e n t  snd a c c u r a t e  s p e c t r a l  methods w i l l  

be given l a t e r .  



2. Spectral Methods - 
The problems to be studied here are mixed initial-boundary 

value problems of the form 

where D is a spatial domain with bocndary aD , L ( s , t )  is a 

linear (spatiail differential operator and B ( x )  is a linear 

(time independent; boundary operator. Htre we write (2.1-3) 

for a single dependent variable u and a single space coordinate 

s with the understanding that much of the following analy- 

sis generalizes to systems of equations in higher space di- 

nensions. Also, attention is restricted to problems with 

homogeneous boundary conditions because the solution to any 

problem involving inhomogeneous boundary conditions is the sum cf 

an arbitrary function having the imposed boundary values and 

a solution to a problem of the form (2.1-3). The extension to 

nonlinear problems will be indicated at the end of this section. 

Before discussing spectral methods for solution of (2.1-3) let 

us skt up the mathematical framework for our later analysis. 

It is assumed that, for each t , u(x,t) is an element 

of a Hilbert space with inner product ( , and norm 

I( 11 . For each t > 0 , the solution1 u(t) belongs t o  

the subspace 8 of ff consisting of all functions u E: H 

We will often denote u(x,t) by u(t) when discussing u as 
a function of t. 



we shall assuxc h c r ~ c ~ ~ f f o z - t  t i iz t  L is time i n d c p c n d c n t  so thst 

the evolution operator is csp(L t ) .  111 this case t112 fomill  53- 

lution of (2.1-3; is 

functions of t in the norm ) ( * I 1  for n i l  t 0 (see  

Richtmycr E. )!orton, 1.967) . 

arc of thc form 



where, for  each t , uN(x,t) be longs to  an N-c 3imcnsi.onal s u b -  

space 6 of s , and LN i s  l i n c o r  operator  from I( t o  EiN 

of the form 

llcre PN is a p r o j r c t i o n  opcrotor of 11 onto 6 N 
and 

fN = PNf . Wc s h a l l  assum- that when N c M . 
For dc f i i \ i t encss ,  wt? ~ l i a l l  nicc10 assurac t.he i n i t i a l  condi t ions f o r  

thc  appros iaa te  q u a t  ions ( 2  5 )  t o  DC uN(0) PNu (01 whrrc 

~ ( 0 )  = g ( x )  is the  i n i t i a l  co!\clit.ion ( 2 . 3 ) .  S p ~ c i f i c  

According to  t h i s  g c 1 r c r ~ 1  frmncwork,  t h c  formu.liitioll of ;I 

spcctral method invc?lvcs  two csscn t i a l  s teps :  (i) th t .  choice of  

approximation space 6 and ( i i )  tht? choice of the yrojtx-t i o n  N i  

operator  PN . I t  w i l i  t u n  ~ i . ~  t h a t  t h e  nintht-nmt-ical ana lys i s  

of the methods a l s o  invol\*cs two kcy stcps: (i) thc  ;.rnL1lysis of 

'st. bility' of LN (sec Scc. 4 )  . F i n a l l y ,  t h c r r  ctrc the 

important pract . ical  qucs  t ions  of  h o w  t o  d i sc rc  t i ; t c l  t i n w    st?^. 

Scc. 9 )  and how t o  irnpicwc!nt. : ; p \ c t . ~ - n l  ~wthods  t! i f  ici t lnt  ly (sctl 

Scc. 1 0 )  . A l l  thcsc! colwidcr;~t  ions will bc rcvicwc(1 i n  

Scc. is. 

-12- 



A Galerkin apprcsimation to (2.1-3) is constructed 

as follows. The a p p r o x i m a t i o n  u i s  sough t  iii the form of N 

the t r u n c a t e d  series 

whcrc the tine-indcpendcnt f u n c t i o n s  6 ,  are  assunicd l inearly 

i n d c p c ~ r i e n t  and +nc S for  all n. Thus, uN(x,i) necessarily 

satisf ics all thc boundary conditions. The c spa~ l s ion  c o e f  f i c i c n t s  

a n ( t )  are detrr!:iincZ L;. t h c  Galerkin equations 

Thcse implicit equations for an(t) can  bc p u t  i n t o  thr 

standard esplicit form (2.4-5) by defining t h e  projection 

operator pg by 

where  p are thc clcments oT the in \ rc rec  of t h e  N x N m n t r i s  Ilm 

whosc: c n t r i c s  a r c  (t,, , $,.,,I 

Note t h a t  thc! r c l n t i o n  

holds Car all projection opera tors  P 
N ' llawcvcr, t h e  speci Eic 

1'2-ojnction operator  ( 2 . 8 )  is p a r t i c n l a r  t o  Galcrkin approsirnation. 



The G n l c r k i n  e q u a t i o n s  ( 2 . 7  ) may bc rhnl-itutcri z c d  a s  f o l l o ~ ~ ~ ~ .  

A t  each instant t, we assumc i h . \ t  h c  c ~ p a n : ~ i l > ~ ~  c o r f l i c i o n t n  ;I ( t  ) 
II 

in (2.6) are known and seek v a l u c s  fur tho  N i ~rdcprndcnt  q u a n t i t  l L l s  

dan/dt ( n = l , .  . . , N )  Chat n i n i m i z c  

The rasuitinq cq\iat. ions for cla / d t  artb (2.7) . 
I1 

I f  we choose I( = L j ( O , l l )  and + n ( ~ )  = sin nx , we re- 

cover the G a l c r k i n  a y p r o s i ~ ~ t  i o n s  givtln in Esimplc .!. 1-2 for t h c  

t h a t  the G a l c r k i n  nppros.in:dtion 11 cc-nvcrqcs t o  u a s  N -+ c*o . N 

We choose  H to  be the space of f ~ ~ r l c t i o n s  on 

the interval 1x1 5 1 t h a t  arc! q u a r t  integrable with r c s p c c t  

to t h e  function 2 . 1f thc problem is 

# 

priate to choosc t h e  expansion f z ~ n c t i o n s  fox: t h c  Galerkin i lpl~rosi-  4 

C ! ~ b y s h c v  polynomial o f  dcqrcc n di\f  i n i c d  hy T (oosO) = cos ntj n 
9 

when x = cosO; thus, T (xl -. 1, T l ( x )  = x ,  T , ( n )  *: 2s'-1, 'P ( H I  
0 .. 3 

3 4 %  - 3x ,  . . . . Obsc?-ve t l l i i t  $, (s) s a t  i sf i c-s 1.111. bound.~r y c'on,l i t i 



6. (-1) 0 bacause T (-1) ( - 1 1  for a l l  n. The p r o p e r t i e 8  
n n 

o f  Chebyrhev polynomials are summarized i n  t h e  Appendix. 

The Galerkin  equa t ions  (2.7) a r e  ob ta ined  e x p l i c i t l y  as 

fol lows.  F i r s t ,  t h e  d e f i n i t i o n  of T , ( x )  and t h e  s u b s t i -  

x = cos 8 imply t h a t  t u t i o n  

where 

CC = 2, Cn = 1 (n > 0)  and 6,, = 0 if n + m, 1 i f  

Therefore ,  

Here 

n = m. 
r e -  

- , -  

Next, t h e  Chebyshev palynomials  s a t i s f y  

a s  nay be v e r i f i e d  by s u b s t i t u t i n g  x = c o s 9 .  Therefore ,  

n < m,  m + n oua 

n > m,  la + n odd 

n + m even . 
Using t h e s e  r e s u l t s ,  (2.7) g i v e s  t h e  Galcrkin approximation equa t ions  



den n C 
N N 

-arr m + 2(-1) 1 (-1) a,,, - -2 
m-1 

I p a p +  
p n + l  

~ + n  odd 

A 

Here f - f £or n - 
There Galerkin equations 

N 
the notation a. = - - 1 ) .  so that (2.6) becomes 

ma 1 

O,...,N 

can be simplified by introducing 

Substituting the above expression for aO, the Galerkin equations 

for a can b e  rewritten as n 

2 
N 

C % * - -  L ~ a ,  + fn + - 1 b ( t )  (-1)" n , .  . . N ,  (2.11) 
ell p=n+l 'n 

Here b ( t )  is a 'boundary' term t h a t  ensures maintenance of the 

boundary condition ( 2 . 1 2 ) .  Using ' 2 . 1 2 )  it is easy to show that 

the explicit form of b ( t l  is 



Tau approximation 

The tau method was invented by Lanctos in 1938 (oee Lanczos 

1956) . Pir~t, the expansion functions (, (n=l,2, . . , ) are 
assumed to be elements of a complete set of orthonormal functions. 

The approximate solution %(x,t) is assumed to be expanded in 

terms cf those functions a;3 in 

Here k is the number of independent boundary constraints B%-0 

that must be applied. The important difference between (2.13) 

for tau approximation and (2.6) for Galerkin approximation is that 

the expans ion functions $n in (2.13) are not - required individually 
t.o satisfy the bounaar; constraints (2.2) . The k boundary 

constraints 

! 
are imposed an part of the conditions determining the expansion co- 

efficients an of a function in 3 . .  T h m ,  the projection operator !. 
PN is defined by 



where bm 1 , k )  are chosen eo that the boundary con- 

straints are aatis5i.d: BPNu - 0 fcr al.. u c >). 

It follows from these definitions that the tau approx;mation 

to (2.1-2) is given by (2.13) with the k equations (2.14) 

and the N equations 

An equivalent formulation of the tau method is given as 

follows: The equations for the expansion coefficieuts an of the 

exact solution u in terms of the complete orthonormal basis On are - 

The tau approximation equations for the N+k expansion co- 

efficients of uN in (2.13) are obtained from the first N 

equations (2.17) with u replaced by uN and the k boundary 

 condition^ (2.14). 

The origin of the name 'tau method' is that the resulting 

approximation uN is the exact solution to the modified problem - 



which lien in gN for all t 0 . For each initial value problem 

and choice 05 orthonormal basis $* (and aarociated inner product), 

there is a (normally unique) choice ci t-coefficientr such that 

\k E aN 1 namely 

The remaining tau coefficient8 rl, T~,..., T~ are determined by 

the k boundary constraints 

as 0 
B~ 

and the N dynamical constraints (2.17) for n = l,..,,N. 

Example 2.3 : Fourier - sine series 
- - m  

For all of the applications given in Example 2.1, Galerkin 

and tau approximations based on On = sin nx are identical n 

(except for the scaling factor m) since the orthonormal 
expansion functions $n satisfy the boundary conditions. 

Example 2.4 : Chebyshev series 

If we choose +n+l (x) -/L Tn(x) where c o - 2 ,  c - 1  
5 n 

(n > 0) and apply the tau met &od to the problem (2.9) the result 

can be recast into the form ?f equations (2.10-12) with b(t) 0 

and (2.11) only applied for n = 0,1,.. .,N-1 instead of 

n = O,l,...ti. Thus, the tau equations for the one-dimensional 

wave problem (2.9) are (2.10) with 

p+n odd 

In this problem, 4 rl(t)= i$ - $ while r (t) I 0 
P 

for p > 1 . 
-19- 

, , 



Example 2.5:  Laguer re  series, 

tiere wei choore  ii to  be t h e  space o f  f u n c t i o n s  t h a t  are 

s q u a r e  intc!grable on 0  5 x 5 - w i t h  r e s p e c t  t o  t h e  we igh t  

f u n c t i o n  e-X . We choose t h e  expans ion  funct ion.  t o  be 

x  - L ( x i  where Ln(x)  is t h e  (no rma l i zed )  Lague r re  prbly- 
A? 

nomie l  of d e g r e e  n: LO(x)  = 1, L l ( x )  - l - x ,  

S u p l ~ o s e  w e  wish t o  s o l v e  t h e  problem 

by s e e k i n g  a n  approx.imate s o l u t i o n  of t h e  form 

To derive t.he tau e q u a t i o n s  fo r  a, (t)  , w e  n o t e  t h a t  Ln(x)  

s n t i s f i e a  Ln(0)  = 1, LA - LA+1 I Ln, n  = 1 , .  and 

- 0 -X 
(L,,Lm) = J,, Ln (x )  L m ( x ) e  dx - 6nm . ThusI the tau approximation 

(2.17) i o  

w h i l e  t h e  boundary c o n d i t i o n  is 



Similarly, the Laguerre-tau approximation to the heat 

equation problem 

is given by ( 2 . 2 2 ) ,  ( 2 . 24 ;  and 

Col1t;cation or pseudospect;al approximation 

The projection operator PN for collocation (aometimes 

called the method of selected points (Lanczos 1956)  or pseudospectral 

approximation (Orszag 1971c)l is defined as follows. Let 

xl,x2, ..., xN be N points interior to the domain D. These 

point8 are called the colloration points. Also let +,(x) 

n . .  . N be a basis for the approximation space 6 and 

suppose that det bnC\) + 9. Then for each u F H 

where the expansion coefficients an are the solution9 of the 

equa t ions 



Thus, c o l l o c a t i o n  is  charac tez ized  by t he  cond i t i ons  t h a t  

pNu(xi) = u(xI)  for i - 1,. . . , N  and PNur SN . Eootice t h a t  

the r e s u l t s  of c o l l o c a t i o n  depend on both t h e  po in t s  wF and 

the func t i ons  On(x) f o r  n  = l , . . . , N  . 
Example 2.6: Four ie r  s i n e  series - 
If w e  wish t o  so lve  t h e  problems farmulated i n  Examples 

1.1-3 by c o l l o c a t i o n  i n s t e a d  of Galerkin or t a u  -nethods 

we proceed us  fol lows.  We choose the space ) *=  t 2 ( J 1 n ) ,  

the expamion  func t i ons  @ n ( ~ )  = s i n  nx (n=l , . . . ,N)# and t h e  

co l l .oca t ion  po in t s  x  = r-j/(N+l'  
j 

(j=l,. . . ,N) . The 

c o l l o c a t i o n  equat ions  

have t h e  explicit solution 

This r e s u l t  io l lows  from t h e  r e l a t i o n  



v a l i d  f u r  0 < j w k  < N+1 . ThuaW 

where an is given by (2.30) .  

I t  fo l lows from (2.29-32) t h a t  

p$PNu = 1 bn s i n  nx 
n=1 

where bn = - n 2 an ("=I,. . . .N)  ii L = a2/ax2 and 

N 

1 
m s i n  g- 

bn ST am nn a, (n= l , .  . . w N )  
1 COS NX - cos m 

m+n odd 

Example 2.7: Chebyshev c o l l o c a t i o n  f o r  t h e  wave equat ion  

Suppose we wish to  sc've the one-dimensional wave problem 

( 2.9) using c o l l o c a t i o n .  An a p p r o p r i a t e  b a s i s  f o r  the approxi-  

mation space 8, is the set of f m c t i o n s  $n (x)  = T~ (x)  - (-1) (XI  

( n 1 , N  in t rcduced  i n  our  d i s c u s s i o n  of  Example 2.2 above. 

We choose t h e  csllocatj .s:n p o i n t s  t o  be t h e  extrema of  t h e  

Chebyshevpolynomia~ TN(x) s a t i s f y i n ?  1x1 1 . Since  

TN(cos 0 )  = cos  NB t h e s e  er t rema 13s a t  x = coa f o r  
j 

j - 0 . .  1 . The point xN - - 1 is a l s o  a n  extremum of  



TN(x) but it i e  n& inclydrd in UIa mat of collocation point. 

Lmcauoe the boundary conditions for (2 .9)  are imporad a t  x = -1 

80 ( 1  - 0 for a11 n . 
Ao i n  Example 2.2, t h e  emn)$or, co~fficiants 8, for 

N 

n - l,....N may bmaugnunted by defining a. - - 1 ( - I ) ~  % 
m-1 

80 that 

I t  . m y  then be shown t h a t  t h e  collocation equatims for an(€! 

that f o l l o w  from ( 2 . 9 )  are 

- - 
where t, * (Tn+ and GO = cN - 2 . 

'n - 1  ( O < n < N ) .  

Sere b ( t )  ir a *boundary' term that is used to ensure complian& 

with tho boundary condition (2.33). It hay also be shown tha t  



The reader mhould obrerve the close similarity between the 

Chebyahcv Galarkin, tau, and collocation equation. for the problem 

(2.9). The only difference between them ir tha way the boundary 

tsm b ( t j  enterr. In the Galarkfa equationa (Z.ll), b(t) appear8 

with the coefficient l n c n  in the tau equation. b(t) enter. 

with the coefficient 6nN ao it appoarn only in the equation for 

+ a8 u tau coefficient; with collocation, the coefficienL of 

b(t) is l n n  This close similarity between the three methods 

for the wave equation can also be meen by ~baerving that when 

ftx,t) in a polynomial of degree N in x, all three approxt- 

nation methods give Nth degree polynomial approximations s(x,tj 

that oatirfy exactly the initial-boundary value problem 

In the tau method. QN (XI = Tll (x) i in collocation, 

where x * COB - 
j 

'' (1 0 , .  . . ,N-1) ate the collocation point.1 N 
finally, the Galerkin equations (2.101 are obtained if 



For all three method# ~ ( t )  is unlquely determined by the 

requirement that s(x,t) be s polynomial of degree N in x 

that satisfies the bour,dary condition u - 1  = 0 for all t . 
Example 2.8: - Chebycrhev spectral methods for the heat e~uaiiun 

To illustrate further the nature of the differerices between 

Galerkin, tau and ccllocation methods, we apply them to the 

heat q u a  t. ion 

We approximate u (x, t) by 

The Galerkin, tau, and colLocation equations for a n ( t )  Are all 

of the form 



boundary t c r ~ n s  t h a t  cnsuro c o m p l i n n c c  with thc bo~~ic iax-y  condi- 

tions (2. 3 6 ) .  The o n l y  d '  ffcrcnccs bc.twcan thc t h r w  a p p r o s i m ~ t  icln 

mc.t.hods lies i n  tlw c o c f f i c i r n t s  Din and BZn. 

I n  t h e  t a u  In(> thod, 

. t t h i s  resul t .  follows u s i n g  t h e  csp~nsion f u n c t i o n s  

$ , ( s )  =. Tn(s) - 
T1 (s) n  odd 

t h a t  s a t i s f y  Q ( 1 )  = 0 a n d  nugmcntinq t h c  c s p a n s i o n  c:ocf- n 

f i c i e n t c  a for  n - , 2 by no - - a n d  a l =  - l a  
- h 1 1  n 211t 1 ' 

I 11 j ~ i n n i l y ,  with c o l l o c a t i o n  pc>rformcd a t  t h e  po in ts  s =I cos --- 
j N 

( = 1 2 , .  , - 1  thc! cocfficicnt-s 131n n nd 132~, i n  ( 2 . 3 5 )  

are g i v c n  by 

I 



for the tau method; 

f o r  the Galerkin method; 

for the col'location method. 

In the previous examples the only difference between Galerkin, 

tau, and collocation approximations is their treatment of the boundary 

terms. However, in more complicated problems, there are significant 

differences between these apD~,ximations. The next example illustrates 

the influence of quadratic nonlinearity. 

Example 2.9: Chebyshev approximations to Burgers' equation -- 

Chebyshev series approximations to the solution u(x,t) to 

Burgers' equation 



arc obtained by met hods v e r y  simi 1 a r  to those for  i incar equat ions.  

I n  general, spectral. approximations t o  the nonlinear e q u a t i o n  

are of the form 

where PN i s  a pro jec t ion  operator .  The projcc t ion  operator  
t 

P~ 
c a n  be t h a t  f o r  Ga le rk i~ l ,  t au ,  or col loca t ion  approxin~ations.  

T f  w e  write 

€hen t h e  G a l e r k i n  approximation t o  ( 2 . 3 9 )  is given by 

rntphi-1 
n+m+p odd 

Observe that  i f  ( u ,  A u )  = 0 so t h e  s)r; tc~~l  ( 2 . 4 0 )  h a s  t h c  
energy i n t e g r a l  a ( u ,  u) /a t - 0, t l i m  (2.41) h i ~ s  the ~ 1 1 ~ r ~ : y  
integral a ( u N , u N ) / a t  - 0 providid t h a t  tilo pl  i t i o n  opcrc1.to~: 

PN i s  se l f - ad jo in t .  This follows from 

1Y 

Galerkin operator ( 2 . 8 ) .  Encrgy conservation is qua rnn l c rd  
only i f  the in r le r  produc:t used i n  tlic r f ~ l  i n  it.ion of ir11c c l . 1  l c . rk j  11 

approximation is t h e  same as t h a t  in tlrc cn t t rTy  i n t e g r a l .  



- 
where am ' 'lml 'lml for (ml N. The tau equations arc identical 

except that (2.42a) only applies for 0 5 n 5 N - 2 and b+ = bxa = 0. 

On the other hand, the collocation equations obtained using the collo- 

cation points x = cos $1 for j = ll...,N-1 a:-3 just (2.42b) and 
j 

4 

I P I L ~ J  l p l 9  
m+p,ntl m+pl2N-n+ 1 

n+m+p odd ntmtp odd 

m+n even 

- - 
where co = cN = 2 and c, = ? for n 4 OIN. Observe the q p e a r -  

ance of the 'aliasing' term as the second sum on the right side of 

(2.43). Aliasing is discussed in detail by O r s z n g  ( 1 9 7 1 ~ ~ ~  1972). 

Example 2.10: Chebyshuv approxinations to ut + F ( U ) ~  = 0 

Galerkin and tau approximations to the solution to 

where P(u) is arbitrarily nonlinear, arc very unwieldy both 

to write d o m  explicitly and to s~lvc on ;I computer. On the othcr hi i r \d ,  



Since a%/ax can be computed explicitly in terms of % a8 a poly- 

nomial in x of degree N-1, it follows that (F(%)Ix can be 

evaluated by this formula at each of the collocation points assuming 

that Fv(z) is a known function; thus, thfr col~ocation approxima- 

tion to (2.44) is determined. 

There is a slightly different collocation procedure that can a180 

be applied to (2.44). It has the operator form 

while tho collocation equations may alro be hard to write down 

explicitly, they lend themselves to ready solution without their 

which is usually not the ssme as the collocstion approximation of 

the form (2.41) described above. In this ~ ~ l x o * t i o %  au / a t  is 
N 

OQ[PU~& by first using c c l l e a t i o n  to obtain P# (%) fmn % an] then 

using the co l l cca t ion  awoxination pN8/8x to a/ax given in ESEample 2.7.  

'Ihe col lacat ion  ap~roxination given by (2.41) (2.45) d i f f e s  f i ran  

(2.46) by the term 

1 

which is generally not zero. However, if F ' ( z )  is not known 

accurately then (2.46) may be the only viable method. 

explicit form being Xnownl 

The collocation approximation to (2.44) is obtained a8 follm8. 

,We use the relation 



3. Survey of Approximrtion Tbaory 

The remarkable convergence propertier of apectral method8 to 

be diacusued later owe to tha rapid convergence of expansions 9f 

mooth functions in series of orthogonal functions. 

a sumnary of the relevant theory here, 

Fourier aerier 

The complex 

is the periodic 

Fourier series of f(x) defined for 

function 

OD 

g(x) = I ak e ikx 
k=-.. I 

We present 

We uhall show below that if f ( x )  is piecewise continuous and has 

bounded total variation then 

for 0 x 2n and g(x) is repeated periodically outside the interval 

0 - x 4 2n. In particular, g (0) = g (2n) = + [f (O+)+f (2n-) J . 
The Fourier sine series of a function f ( x !  defined for 

0 < x < n is the fmction 

gl (x) = 1 ak sin kx , 
k-1 



The Fourier cosine series of a function defined for 0 < x < a is 

where 

Tr ' $ f (x) cos kx dx ak = - 
==k 0 

with co o 2 ,  Ck = 1 (k > 0 ) .  It follows easily from (3.3) that if 

f(x) is piecewise continuous and has bounded total variation then 

where fs(x) = f,(x) = *[f(x+)+f(x-)I for 0 < x < n, 

fs(-x) = -fSix), f , (-x)  = f - ( x )  for -n < x < 0, f s ( 0 )  = f,(n) = 0,  
C 

f ,  (0) = f (O+)  , fc (n) = f (n-) , and f (x) and fc !x) are extended 

periodically outside the interval - n < x 5 

Convzrgence of Fourier series 

To prove (3.3) we define gK(x) as the partial sum 

K i k x  
gK(x) = 1 ake . 

Csing (3.2) and the trigonometric sum formula 



we obtain 
x .in[ ( K + i )  t] 

f (x-t) dt 
x-2n s i n  [ *.;-: 

The kernel sin(K+f)tjsinft of the integral (3.2) is 

plotted for several values of K in Fig. 3.1. This plot 

suggests that when f(x) has bounded total variation the leading 

contributioc to the integral as K + comes from the neighbor- 

hood of t = 0 since the contributions from the rest of the in- 

tegration region should nearly cancel due to the rapid oscillatio~s 

of the integrand. Thus, 

for any fixed E ?, 0 ,  Since E may be chosen small we may replace 

sin )t by ) t with a maximum error of 0 ( c  '1.  Also since f (x-t) 

is, piecewise continuous, we may assume that f(x-t) is continuous 

r. < < 
for 0 - t - c and - E  - t < 0 with at worst a jump discontinuity 

a,t t = 0. Th-refore we may replace f (x-t) by f ( x - )  for t > 0 

end f (x+) for t < 0 giving 





for any fixed E > 0, we obtain 

proving (3.3). 

In the neighborhood of a point of \?iscontinuity of f(x) 

[or x = 0 and x = 2n if P (Ot) + f (2-) ] the convergence 

of gR(x) to its limit (3.3) as K + is not uniform. To 

investigate the detailed approach of gK(x)  to g (x) near a 

point of discontinuity xo of f (XI, we use the asymptotic 

integral representation (3.13) to obtain 

for every fixed 2. Slnce s is assumed small we call approxi- 

mate f (xo+s) tly f (xu+) for 0 < s < s and by f ( ito-) for 

-E c s < (3. Therefore, for each fixed z and c ,  



z c (K+*) 
f (xg+) sic c f (xo-1 

P -- I sin s j -ds+ - d x  (K-1 n 8 n s 
-€ ( K i - 3 )  z 

QD 

Since sin s/s ds = n, we obtain 
-Q 

for any fixed z .  Here the sine intenral Siizl is defined 

A plot of Si ( 2 )  is given in Fig. 3.2. 

1 The result (3.14) shows that if r - xo = O(K) as K + w then 

gK (x) - 11f (xO+) +f (xO-1 1 = O(1). This shows the nonuniformity of 

sonvergence of gK(x) to f(x) in the neighborhood of the discon- 

tinuity xo. lhir m n u n i ~ m  bdnvior of tle 1irr.it gK(x)+fix) as X + or 

is called the Gibbs phenomenon. 

lb illustrate the Gibbs p b m m n n  in an act-1 Fbmia: sgies, we plot 

in Fiq. 3.3 the partial sums of the Fourier sine series expansion 

of the function 

f (XI = x/n (O<x:n) 

The extended function f,(x) is discontinuous at x - n leading 

to the Gibbs phenoaenon there. 
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As K * -, t b  maximum error of the partlrl  sums of a Fourier 

(complex or sine or cosine) series in the neighborhood c f a point 

of discontinuity occurs at the maxinrum of Si(z) . 
Since Sit(z) - 0 when z = an for n - 2 . . . , the maximum 

error mu8t occur at one of them poiats. It is easy to Argue that 

the maximum of Si (z )  actually occurs at z - n where 

Thus the maximum overshoot of the partial sums of the Fourier 
n aeries near a discontinuity occurs naar x = xo + - for K 

K+ 4 
1 . r ~  and is of magnitude 

where the quantity in square bracket8 is the jump at xo. For the 

example plotted in Fig. 3 . 3  the jump of fs(x) at x = n has 

magnitude 2 ro the Fourier series gives a local overshoot of 

magnitude 0.179. 

As z + + - ,  S i ( z )  + * 1 a0 that ( 3 . 1 4 )  hsconsiatentwith 

the convergence of the Fourier series to f ( x O + )  just to the right 

of xo snd to f(xo-) just to the left of xo. The Gibbs phenomenon 

only appears when x + xo a t  the rate 1/K as K + -. 

Rate of Convergelice of Fourier Series 

If f(x) is smooth and periodic, its Fourie~ series does not 

exhibit the Gibbs phenomenon. The Fourier series of s w h a n  f ( x )  con- 

verges r a p i d l y  and uniforaly. Suppose f ( x )  is periodic and has 



continuou6 d e r i v a t i v e s  of  o r d e r  p = 0.1.. . . ,no1 and f (") (x )  is  

i n t e g r a b l e .  Applying i n t e g r a t i o n  by p a r t s  t o  (3.2), it fo l lows  t h a t  

S ince  f ("I (x )  is i n t e g r a b l e ,  t h e  Riemilnn-Lebesque lenaaa 

impl ies  t h a t  

~ o t e  t h a t ,  because f (x) is  p e r i o d i c ,  c o n t i n u i t y  of f (x)  

a l s o  r e q u i r e s  f (0)  = f (P) (2') . I t  fo l lows  from (3.17) 

t h a t  i f  f (x)  i s  cont inuous  w i t h  f (0 )  = f ( 2 ~ )  and f '  (x)  is 

i n t e g r a b l e  then  ek << l / k  a s  k + ; i f ,  i n  a d d i t i o n ,  f '  (x )  

is  piecewise cont inuous  urd d i f f e r e n t i a b l e  t h e n  ak = 0 ( 1 / k 2 )  

Now we can  be more p r e c i s e  i n  our  e s t i m a t e s  o f  t h e  error 

gK(x)  - f ( x )  . If  ak goes  t o  ze ro  l i k e  l /kn  a s  k + 

and no fas ter ,  then  (n-1) f x )  is d i scoa t inuous .  I n  t h i s  c a s e ,  

when x is  f i x e d  away from a p o i n t  of  d i s c o n t i n u i t y  of f (n-1) 

a s  K + , w h i l s  

1 when x - xo = O ( R )  as K + - where xo i s  a p o i n t  of 

d i s c o n t i n u i t y  of  f hl) ( X I .  

I n  p a r t i c u l a r ,  i f  f i x )  is i n f i n i t e l y  d i f f e r e n t i a b l e  and 

p e r i o d i c  If (x+2n) = f (x )  1 , gK (x)  converges t o  f (x )  more 

rapid l ;  t h a n  any f i n i t e  power of 1 a8  I + = f o r  a l l  x . 



Four ie r  s i n e  and c o s i n e  a e r i e s  have convergence propert iem 

very s i m i l a r  t o  t h e  complex Four ie r  series just. discussed .  We 

summarize t h e s e  p r o p e r t i e s  f o r  Four ie r  c o s i n e  series. I f  d e r i -  

v a t i v e s  of f ( x )  of  o r d e r  p = O , , . . . , n - 1  a r e  c o n t i n u o u ~  f o r  

0 < x n whi le  f ( ~ ' ( 0 )  = ~ ( ~ ' ( r )  = 0 f ? r  a l l  - odd p < n 

and f (x)  is i n t e g r a b l e ,  then  the F o u r i e r  c o s i n e  c o e f f i c i e n t s  

given by (3 .7)  s a t i n f y  

: as may be proven by i n t e g r a t i o n  by p a r t s .  

Thus, i f  f ( x )  is i n f i n i t e l y  d i f f e r e n t i a b l e  f o r  0 < x < TT - - 
and f (2p+1) (0)  = f ( 2 ~ + 1 '  (n) = o f o r  p = 0 ,1 , .  . . then t h e  

Four ie r  c o s i n e  c o e f f i c i e n t s  ak approach ze ro  more r a p i d l y  

than  any power of l / k  a s  k + + w . I n  o t h e r  words, i f  f ( x )  

i s  i n f i n i t e l y  d i f f e r e n t i a b l e  on -s < x < =, p e r i o d i c  wi th  pe r iod  - .- 

2n [f (x+2a) = f ( X I  1 , and even I f  (x )  = f (-x) ] , 
then  the remainder a f t e r  N t e r m s  of  t h e  F o u r i e r  c o s i n e  series 

! 3 . 6 )  goes r o  zero  more r a p i d l y  t h m  any f i n i t e  power of lk , 

To compare t h e  convergence p r o p e r t i e s  at " a u r i e r  s i n e  and 

c o s i n e  series, w e  have p l o t t e d  i n  Figs .  3.3 and 3.4 some r e s u l t s  

for t h e  Four ie r  s i n e  and c o s i n e  expansions,  r e s p e c t i v e l y ,  of  t h e  

func t ion  x/n f a r  0 5 x ( n . A s  d i scussed  above, t h e  Gibbs 

phenomenon 1 4 .  t h e  s i n e  series expansion i s  e v i d e n t  a t  x = n ( s e e  

Fig. 3 .3) .  Observe t h a t  the  e r r o r  i n  t h e  N term p a r t i a l  S U ~  

goes t o  ze ro  l i k e  l / N  a s  N when x is f i x e d  0 5 x < n 

The Cibbs phenomenon nea r  x = n slows t h e  convergence of  t h e  

Four ier  series f o r  a l l  x .  I n  Fig .  3.4,  w e  p l a t  t h e  e r r o r  between 

t h e  N term c o s i n e  series and x/n . Observe t h a t  as N + w t h e  

error goes t o  zero l i k e  1 / ~ *  f o r  0 < r < n and l i k e  1 / N  when 





c w - v  p o l y n t ~ i a l  expanoions 

The convergence theory  of Chebyshev polynomial expansions 

is very s i m i l a r  to t h a t  of F o u r i e r  c o s i n e  series. I n  f a c t ,  i f  

is t h e  Chebyshev s e r i e s  a s s o c i a t e d  wi th  f ( x )  f o r  -1 - < x - < 1 

then G ( 0 )  = gicos 8)  i s  t h e  F o u r i e r  c o s i n e  series of 

F ( e )  :- f ( cos  8 )  f o r  0 < 8 < T . This  r e s u l t  fo l lows  from - - 
the d e f i n i t i o n  of T n ( x l :  s i n c e  T,(com 0 )  = cos n 0 ,  

where = 2 , c = 1  (k > 0 j .  ' 0  k 

I t  fo l lows  f r o m , t h i s  c l o s e  r e l a t i o n  between Chebyshev 

series and F o u r i e r  c o s i n e  series t h a t  i f  f ( x )  is piecewise  

cont inueus  and i f  f ( x )  i s  of bounded t o t a l  v a r i a t i o n  f o r  
2 -1 - < x - < 1 then g ( x )  = T [ f ( x + ) + f ( x - ) l  f o r  each x (-1 < x < 1) 

and ( 1 )  = f 1 , g (-1) = f (-l+) . Also,  i f  i (P) (x )  is 

cont inuous  f o r  all 1 x l  5 1 f o r  p = 0 ,  1,. . . , n-1, and f (x )  is  

i n t e g r a b l e ,  then  



Since Izk(x) 1 1 f o r  1x1 5 1 , it f o l l w m  t h a t  t h e  re- 

mainder a f t e r  K terms of t h e  Chebyshev s e r i e s  (3.23) is  a q q t o t i c a l l y  

much smaller than 1/gnW1 as K + . I f  f (x)  is in- 

f i n i t e l y  d i f f e r e n t i a b l e  f o r  1x1 1 , t h e  e r ~ o r  i n  t h e  

Chebyshev series goes t o  zero more r ap id ly  than  any f i n i t e  

power of  1 / K  8 K + . 
The most important f e a t u r e  of Chebyshev a e r i e s  is t h a t  

their canvergence p rope r t i e s  a r e  not  a f f e c t e d  by t h e  va lues  -- 
of f ( x )  or its de r iva t ives  a t  t h e  b o u n d a r i e ~  x = i 1 bu t  

only by t h e  smoothness of f ( x )  and i ts  d e r i v a t i v e s  throughout 

-1 - < x - < 1 . I n  con t r a s t ,  t h e  Sibbs phenomenon shows t h a t  t h e  

r a t e  of convergence of Fourie? series depends on t h e  values  af 

f and its derivati-yes a t  t h e  boundaries i n  add i t i on  t o  tho 

smoothness of f i n  tb-a i n t e r i o r  of t h e  i n t e r v a l .  The 

reason f o r  t he  absence of a Gibbs phenomenon f o r  t h e  Chebyshev 

s e r i e s  of f ( x )  and its d e r i v a t i v e s  a t  x - i l  is due t o  t h e  

(2p+1) ( 0 )  * F that F ( C j  - : 8 )  s a t i s f i e s  F ~ 

(2p+l-) (,) 0 

f a c t  

provided only t h a t  a l l  d e r i v a t i v e s  of f ( x )  of order  a t  most 2p+l  

e x i s t  a t  x = * 1. 

An important consequence of t h e  rapid  convergence of Chebyshev 

polynomial expansions of smooth funct ions  i s  t h a t  Chebyshev expansions 

may normally be d i f f e r e n t i a t e d  termwise. S k c e  

uniformly f o r  1 x 1 5 1 [see Appendix] , i f  ak + 0 f a s t e r  than any 

f i n i t e  power of l/k a s  k 4 then ( 3 . 3  ) implies 



(as may be proven by an elementary uniform convergence argw ,~t). 

While Chebyshev expansions do not exhibit the Gibbs phenomenon 

at the boundaries x = t 1 , they do exhibit the phenomenon at any 

interior discontinuity of f ( x ) .  In Fig. 3 . 5  we plot the partial 

sums of the Chebyshev expansions of the sign function sgn x: 

Near R = 0, a Gibbs phenomenon is observed; for fixed x # 0, 

the error after N  terms is of order 1 / N .  In general, the local 

structure of the partial sums g (x )  of Chebysnev series near a 
K 

discontinuity of f(xl is, asiee from a simple resealing, given 

by (3.14) : 

where I xo I < 1 and z is fixed. This equation is derived 

by a sinple extension of the argument used to derive (3.14) 

[cf. (3.33) below for the explanation of the origin of the 

scale factor l a  I. 
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Rate of converq,enca af Stunn-Liouville eigenfunction expansion6 

Let us consider the expansion of a function f ( x )  in terns 

of the eigenfunctions On of a Sturm-Liouville problem: The 

eigenfunction +,(XI is a nonzero solution to 

satisfying homogeneous boundary conditions. To be specific in 

our discussion we assume the boundary conditons $,(a) - b,(b) = 0, 

although the analysis applies more generally. We assume that 
> > < p(x) 2 0 ,  w ( r )  - 0, q(x) - 0 for a 5 x - b. we will ;!go 

assume that the eigenfunctions are normalized so that they sa t i s fy  

and that they fort1 a complete set; the latter property foLlows if 

+ as n + (see Courant 61 Hilbert, 1953, p~ 4 2 4 ) .  

The requirement that An follows heuristically as follows: 

(3.26) suggests that $n(x) has a typical spatial  r.cal& of l / r  , 
r 

so the requirement that arbitrary f (x) (with arbitrarily small 

spatial scale) be expansible in terns of $ 1  mplies that An 

must grow unboundedly with n . 



We wish to oatimate the rate of convergmce of the eigen- 

function expanrion 

using the orthonormality relation (3.2'1) , the L2 - error after 
N terms is 

Thus, the L2-error may be estimated by -olclrlating the rate 
I 

of decrease of an as n + - .  

Orthonormality of { $ 1  iiaplies that 

Substituting w(x)$,(x) from the Sturm-Liouville equation (3.26) 

gives 

Integrating twice by parts, we obtain 



where 

d 
h(x) = [- h; g, ( x )  az df + q W f  ( X I ]  /w(x). 

This integration by parts is justified if f is twice differentiable 

and h is square incegrshe with respect to w. Under these con- 

diiions and recalling that $,(a) - $,(h) = 6 , we obtain 

b 
2 t 2  2 as n + -, since I \ h4nwdx I s $ h wdx $ $n wdx = O(1) a s  

a a a 

Nonsingulnr Stusnr-Liouvills -- problems 

To proceed furrher we must distinguish between nonsingu- 

lar and singular Sturm-Liouville problems: a problem is non- 

singular if . p (x) > 0 and w (x )  > 0 throughout a x b. The 

important concluoion from (3.31-32) is that if the Sturm-Liouville 

problem is nonsingular and if f ( a )  or S ( b )  is nonzero then 

I 

(Notice that if @,(ai = 0 ,  then Q,(x) : 0 since (3.26) is 

seccnd-order differential equation and p(x) + 0). 
It is well, known7[courant & Hilbert 1953: that the asyml;:-otic 

behavioi of the eigenvalues and eigenfunctions of a nocsi~gular 
1 

Sturm-Liouville p~oblem are given by 



Using t h e m  r e l a t i o n s  i n  ( 3 . 3 3 ,  we f i n d  t h a t  a n  behaves l i k e  

1'1is behavis r  o f  a n  l e a d s  t o  t h e  Gibbs phenomenon i n  t h e  

expsns ion  ( j . 2 8 )  near  t h o s e  boundary p o i n t s  a t  which f ( a )  or 

f ( b )  sf 0. The a sympto t i c  b e h a v i m  (3.34-35) i m p l i e s  t h a t  t h i s  

Gibbs phrnomenon is a s y m p t o t i c a l l y  i d e n t i c a l  t o  t h a t  e x h i b i t e d  by 

F o u r i e r  s i n e  series provided  we use  t h e  s t r e t c h e d  independent  v a r i a b l e  

n e a r  x = a  and a  s i m i l a r l y  s t r e t c h e d  c o o r d i n a t e  n e a r  x = b. 

I f  f ( a )  = f ( b )  = 0 , t h e n  a n  c <  l / n  as n . t!owever, a  

f u r t h e r  i n t e g r a t i o n  by p a r t s  i n  (3.31) shows t h e t  if t h e  Sturm- 

L i o u v i l l e  problem i s  nons ingu la r  and if h ( a )  or  h  (b) 0, 

t h e n  an behaves l i k e  -3 a s  n  + . I n  g e n e r a l ,  u n l e s s  f  (x )  
n  

s a t i s f i e s  an  i n f i n i t e  number o f  ve ry  s p e c i a l  c o n d i t i o n s  a t  x  = a 

and x  = b. t h e n  a n  decays  a l s e h r a i c a l l y  as n+=. 

Theae r e s u l t s  on a l g e b r a i c  decay of  errors i n  expans ions  

based  on nons ingul  r second-order  e i g e n v a l u e  problems g e n e r a l i z e  

t o  h igher -order  e igenva lue  problems. For exanple, as n-, t h e  expansion 
OD 

v c o e f f i c i e n t s  i n  a, i n  f ( x )  - L anmn(x) ,  where { O n ( x ) )  e re  
n-0 

t h e  , iormalized 'beam' f u n c t i o n s  



behave l i k e  $ i f  f  (il) 9 0 ( imply ing  a Gibbs phenomenon a t  t h e  

l i k e  $ if ( 1 )  = f  1 = 0 b u t  f"" (il) # 0,  and s o  on.  
n  

S i n g u l a r  S tu rm-Liouv i l l e  problems 

I f  p ( a )  = 0 i n  (3 .33)  t h e n  it is  n o t  neces sa ry  t o  r e q u i r e  t h a t  

f ( a )  = 0 to  a c h i e v e  an  + A  << - a s  n  + . For t h i s  r ea son ,  
'n 

expans ions  based on  e i g e n f u n c t i o n s  of a S tunn-L iouv i l l e  problem t h a t  

i s  s i n g u l a r  a t  x = a  d o  n o t  normal ly  e x h i b i t  t h e  Gibbs phenomenon 

a t  x = a. Furthermore,  i f  t h e  argument t h a t  l e d  t o  (3.33) c a n  be 

r e p e a t e d  on h ( x )  g iven  by (3 .32)  [ t h i s  is p s s i b l e  i f  p/w, p6/w, 

and g/w are bounded and a l l  d e r i v a t i v e s  of f  a r e  s q u a r e  i n t e g r a b l e  

w i t h  respect t o  w] t h e n  t h e  boundary c o n t r i b u t i o n  t o  a n  from 

4; x = a is s m a l l e r  t h a n  - as n  + 0 . I f  t h e r e  a r e  a l s o  no 
, 2  
A n  

boundary c o n t r i b u t i o n s  fr@m x = 5 when t h e  o p e r a t i o n s  l e a d i n g  

t o  (3.53! a r e  r e p e a t e d  i n d e f i n i t e l y  [which is  t r u e  i f  p (b)  = O ]  , 
t hen  an d e c r e a s e s  more r a p i d l y  t h a n  any p o w e r  o f  - as  n + = .  

A 11 

The impor t an t  c o n c l u s i o n  is t h a t  t h e  - rate of convergence o f  

e i g e n f u n c t i o n  expans ions  based  on  S turm-Liouvi l le  problems t h a t  a r e  

s i n g u l a r  a t  x = a and a t  x = b  converge  a t  a  rate governed by 

t h e  smoothness  of t h e  f u n c t i o n  be ing  expanded n o t  by any s p e c i a l  

boundary c o n d i t i o n s  s a t i s f i e d  by t h e  f u n c t i o n .  

A Four i e r -Besse l  series of  o r d e r  0 is  o b t a i n e d  by choos ing  

t h e  expans ion  f u n c t i o i l s t o b e  t h e  e i g e n f u n c t i o n s  o f  t h e  s i n g u l a r  

St .urm-Liouville problem 

$,(1) = 0 ,  6 rr ( 0 )  f i n i t e .  



Therefore, p (x) = w(x) - x in (3.26) ao the problem is singular 

at x L 0,  but nonsingular at. x = 1. The eigenfunctions are . 

where JO is the Bessel function of order 0 and jon is its 
2 

nth zero, Jo (jon) = 0 .  The eigenvalues A = jon - n satisfy 

The Fourier-B~ssel expansion of a function f(x) is given by 

The expansion coefficients an are given hlr (3.30): 

because 

I 2 2 ! t Jo (Jon t) dt f J;) (jon) . 
0 

For example, the Fourier-Bessel expansion of f(x) = 1 is 

In Fig. 3.6 we plot the 10, 20, and 40 term partial sums of t h e  

series (3.39). There are three noteworthy features of this 

plot: 

Ci) At x = 1 there is apparently a Gibbs phenomenorl. In 

fact, it is easy to show that this Gibbs phenomenon has the same 

structure as that for Fourier sine series: 
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3 i   his behavior  is no t  t o o  s u r p r i s i n i ,  because J O  ( 2 )  % ( Z / n z )  c o s  (z+n) 
I 

a s  z -++m,  so .  t h e  l a r g e  ri behavior  of  ( 3 . 3 9 )  can be asympto t i ca l ly  

approximated by t h a t  of F o u r i e r  series. 

{li) For f i x e d  x s a t i s f y i n g  0 < x < 1, t h e  error a f t e r  

N+l terms of ( 3 . 3 9 )  is  

I n  f a c t ,  t h e  n t h  - term o f  ( 3 . 3 9 )  has  magnitude of o r d e r  l / n  

1 1  and o s c i l l a t e s  i n  s i g n  roughly every min ( j i ,  =) terms. The 

e r r o r  i n  such a n  o s c i l l a t i n g  series i s e o f  o r d e r  1/N a f t e r  N terms. 

(iii) A t  x = 0,  t h e  series converges (so t h e r e  is  no Gibbs 

phenomenon t h e r e )  b u t  t h e  convergence is very  slow and s s c i l l a t o r y .  

I n  f a c t ,  the e r r o r  a f t e r  N terms is  of o r d e r  (-l)N+l/fl . 
This  fo l lows because 

Th i s  s l o w  r a t e  of  convergence near  x = 0 h o l d s  even though t h e  

s igenva lue  problem i s  s i n g u l a r  a t  x = 0.  There a r e  two reasons  

f o r  t h e  slow convergence of Fourier-Bessel  s e r i e s  n e a r  x=O. First, 

the Gibbs phenomenon a t  x = i a f f e c t s  t h e  r a t e  of convergence 

throughoui  0 5 x 2 1. I n  f a c t ,  t h i s  i s  t h e  sole s o w x e  of t h e  

be3avior  (3 .40)  . Ho,.-?vet, whm f ' ( x )  # 0, slow convergence near  



x = 0 c a n  a l s o  o r i g i n a t e  becaune p(x) = w(x) = x g i v e s  

p t /w  = l / x  which i r  s i n g u l a r  a t  x = 0 so h(x) g iven  by (3 .32 )  

i s  s i n g u l a r  a t  x E  0 i f  f t ( 0 )  C .  

Chebyshev series r e v i s i t e d  

Chebyshev polynomia ls  a r e  t h e  eigenf u n c t i o n s  of t h e  s i n g u -  

7 l a r  S tu rm-Liouv i l l e  p roblem (3.26)  w i t h  p  (x)  P J1-x , 
Z 

W ( X )  - l/,!l-X , q(x )  = 0 ,  - 1 * x 1, and  t h e  boundary c o n d i t i o n s  

t h a t  @,(+I) he f i n i t e .  The e i g e n v a l u e  co r r e spond ing  to  Tn ( x )  is 

2 2 A n  = n . Since  p/w = 1-x and p t /w = -x are bo th  f i n i t e  f o r  

I x l S l ,  it f o l l o w s  tha t ,  t h e  argument l e a d i n g  from (3 .30)  t o  (3 .33)  

car. b e  r e p e a t e d  on  h  (x )  g iven  by (3 .32)  so long  a s  f (x )  i s  

s u f f i c i e n t l y  d i f f e r e n t i a b l e .  T h e r e f o r e ,  t h e  Chebyshev series 

expans ion  of  a n  i n f i n i t e l y  d i f f e r e n t i a b l e  f u n c t i o n  cocvc rges  

f a s t e r  t h a n  any power o f  l / n  a s  n + -, as shown f b l l o w h g  (3 .23)  

by a < i f f  e r e n t  method. 

To i l l u s t r a t e  t h e  convergence p r o p e r t i e s  o f  Chebyshev series 

e x p a n s i o n s ,  w e  s t u d y  t h e  rate o f  convergence o f  t h e  series 

S i n c e  Jn (k7 i  + 0 e x p o n e n t i a l l y  f a s t  a s  n  i n c r e a s e s  beyond Mn, i t  

f o l l o w s  t h a t  (3 .41)  s t a r t s  converg ing  ve ry  r ap id ly  when more 

t h a n  Mn terms a r e  i nc luded  (see F ig .  3 . 7 ) .  Th i s  r e s u l t .  l e a d s  t o  

a n  h e u r i s t i c  r u l e  f o r  t h e  r e s ~ l u t i o n  r equ i r emen t s  o "hebyshev 

expans ions .  S ince  s i n  Mn(x+a) h a s  M complets wavelengths  l y i n q  

w i t h i n  t h e  i n t e r v a l  I x  1 - < 1, w e  a r s u e  t h a t  Chebyshev expans ions  

converge r a p i d l y  when a t  l e a s t  n polynomia ls  a r e  r e t a ined  p e r  

w a v e h n g t h .  I n  g e n e r a l ,  w e  expec t  t h a t  t h e  Chebyshev expansion 

o f  a f u n c t i o n  t h a t  o s c i l l a t e s  o v e r  a  d i s t a n c e  X converges  rapidly 

i f  2n/X poiynamia ls  are r e t a i n e d .  Fewer polynomials  a r e  r e q u i r e d  
on ly  (see be low) .  

i f  t h e  r e q i o a  of  r a p i d  change o f  t h e  f u n c t i o n  o c c u r s  a t  t h e  borindary 
-55- A A 



Fig. 3 . 7 .  A plot of the  error i n  the Chebyshev series expansion (3 .38)  of 

e in  (Hrrx) truncated af tar TN (x) vereus N/H. The varioua symbols represent : 

0 bI - lo; x M - 20; A M = 30; 0 M 40. Observe that the L2-error approaches 

zero rapidly when NM > IT. 



The Chebyshev polynomial  expans ion  o f  a  f u n c t i o n  f ( ~ )  

t h a t  i s  a n a l y t i c  in a r e g i o n  o f  t h e  complex-z p l a n e  t h a t  i n c l u d e s  

t h e  i n t e r v a l  -1 1 z < 1 conve rges  a t  least  e x p o n e n t i a l l y  f a s t  - 
as tr -+ - . If  f  ( z )  h a s  s i n ~ u l a r i t i e s  i n  t h e  f i n i c e - z  p l a n e  

t h e n  

l i m  s u p  lak l  1 l / k  = - 
k-- R 

where R is  t h e  sum o f  t h e  semi-major and semi-minor a x e s  o f  

t h e  l a r g e s t  e l l i p s e  w i t h  f o c i  a t  z  = +1 w i t h i n  which f ( z )  

h a s  no e i n a u l a r i t i e s .  Thus, t h e  L2-er ror  ( 3 .29 )  a f t e r  N t e rms  o f  

the Chebyshev expans ions  decays  t o  0 roughly  l i k e  R - ~  as N*. 

Fo prove  ( 3 . 4 2 ) ,  we note that 

where C is  any con tou r  t h a t  e n c i r c l e s  t h e  i n t e r v a l  (-1,l) 

i u s t  onco and d o e s  n o t  e n c l o s e  s i n g u l a r i t i e s  of f ( z )  . 
E q .  (3 .43)  f o l l o w s  because 2Tn(z! = ( Z  + + ( 2  - 1x1 -n , 

where w e  choose t h e  branch  o f  s a t i s f y i n g  f i  1.. 2 

a s  z + . S i n c e  ( z  + i n  + 0 s z + - w i t h  t h i s  

c h o i c e  o f  b ranch  c u t ,  w e  c t n  expand t h e  c o n t o u r  C t o  i n £  i n i t y  

by Cauchy 's  t t x r e m  and p i c k  up t h e  c o n t r i b u t i o n s  from t h e  

s i n g u l a r i t i e s  o f  f  (2). I f  t h e  ' r . e a r e s t t  s i n g u l a r i t y  is a  p o l e  

a t = z w i t h  r e s i d u e  r ( o t h e r  s i n g u l a r i t i e s  may be t r e a t e d  0 

s i m i l a r l y ) ,  t h e n  



To complete  t h e  j u s t i f  i c a t i o n  o f  (3.42) w e  need o n l y  @how 

t h a t  Iso + hi- 11 = R . Recall t h a t  a n  e l l i p s e  w i t h  f o c i  

2  2 
a t  *1 s a t i s f i e s  + y 2 / ~ 2  = 1 w i t h  - 0 = 1 . 
I f  z  l ies on  t h i s  e l l i p s e ,  t h e n  s e t t i n g  z  = A cos 8 + i B  s i n  8 , 

0 0 
it f o l l o w s  t h a t  z  + i 8  

0  & =  0 ( A + B ) ~ ~ @  - R e  . 
L e t  u s  g i v e  an example o f  t h e  behav io r  (3 .42) .  The f u n c t i o n  

f ( 2 )  t a n h  (10 z )  has  p o l e s  a t  z = t 0 . Thus, 

3 = n/ZO + h + (n /2o I2  i 1.16934. The Chebyshev expans ion  

~ O e f f i c i e n t s o f  f ( z )  s a t i s f y  a 2n = 0 (because  f ( z )  is  a n  

odd f u n c t i o n ) ,  w h i l e  a Q 1.2679, a i - 0.4089, a5  : 0.2300, 1 3 

and so on. The r m s  (LZ) error eN [see (3.2911 

o b t a i n e d  by t r u n c a t i n g  t h e  series f o r  f  ( z )  a f t e r  TN(z l  

2  
s a t i s f i e s  e l  (1.175) , e4,/ed9 ) (1 .16935)2 , 

demonot ra t ing  (3.42) f o r  t h i s  case The error eN is  smaller 

t h a n  0.01 f o r  N 2 25, which a g a m  i l l u s t r a t e s  t h e  r e s u l t  t ha t .  

roughly  7r polynomia ls  p e r  'wavzlength '  are r e q u i r e d  to  resolve 

a f u n c t i o n ;  t h e  f u n c t i o n  f ( z )  h a s  a r e g i o n  o f  r a p i d  change 

n e s r  x = 0 o f  wid th  rough ly  0.1. 

I f  f ( 2 )  is e n t i r e ,  R = i n  (3 .42)  s o  its Chebyshev 

expans ion  c o e f f i c i e n t s  decay f a s t e r  t h a n  e x p o n e n t i a l l y .  More 

p r e c i s e l y ,  t h e  method of  s t e e p e s t  d e s c e n t s  a p p l i e d  to  (3.43) gives  

t h e  f o l l o w i n g  r e s u l t :  i f  f(z) is e n t i r e  and 

B f t z )  = o ( I z /  exF 1 n l a )  a  z  + , t h e n  

1 
l i m  s u p ( t n l a n l ) /  ( n  en n)  = - - a 
n+= 

~ c r  example, s i n  M7r(zJ-a) is  e n t i r e  w i t h  a = 1 whi l e  i t s  

Chebyshev c o e f f i c i e n t s  i n  (3 .41)  s a t i s f y  an  - O (  (MW) "/nl)  

a s  n + -  , i n  agreement  w i t h  (3 .44)  . Also ,  a polynomial  has  

Chebyshev c o e f f i c i e n t s  t h a t  s a t i s f y  (3.44) with. a = 0 . 



F i n a l l y ,  we remark t h a t  t h e  Chebyshev series expans ion  

(3.21-22) o f  an a r b i t r a r y  f u n c t i o n  g ( x )  h a s  a maximum 

p o i n t w i s e  error t h a t  d o e s  n o t  d i f f e r  d r a s t i c a l l y  from t h e  

smallest p o s s i b l e  maximum po in twi se  e r r o r  o f  any Nth d e g r e e  

polynomial ,  t h e  s o - c a l l e d  m i n h a x  error. I n  f a c t ,  t h e  maximum 

p o i n t w i s e  e r r o r  o f  t h e  Chebyshev series (3.21)  t r u n c a t e d  a f t e r  

TNix) i s  a t  most 4 ( 1  + n-2 LnN) time.; l a r g e r  t h a n  t h e  minimax 

error ( R i v l i n  1969 1. S i n c e  4 (1 + n-2 LnN) < 1 O  f o r  

N < 2,688,000, t h e  Chebyshev series i s  w i t h i n  a dec imal  p l a c e  

o f  t h e  minimax approximat ion  f o r  a l l  such  polynomial apprcxima- 

t i o n s .  

Legendre series 

Legendre po lynomia ls  a r e  t h e  e igen func t , i ons  of t h e  s i n g u l a r  
2 Sturm-Licuvi l le  problem (3 .26 )  w i t h  p ( x )  = 1.-Y; , q (x )  = 0: 

< < w(x) = 1 for -1 - x - 1 and t h e  boundary c o n d i t i o n s  are 

= 2 (ntl) and i t s  e i g e n f u n c t i o n  is  +, i x )  = Pn (x) , t h e  

Legendre polynomial  o t  Jrrree n. S i n c e  p/w = I - x2  and 

< 
p'/w = -2% are b o t h  f i n i t e  f o r  1x1 - 1, it lo l lowa  t h a t  t h e  

Legendre s e r i e s  expans ion  of  i n f i n i t e l y  d i f f e r e n t i a b l e  f u n c t i o n s  

converges  f a s t e r  khan a l g e b r a i c a l l y .  

To i l l u s t r a t e  t h e  convergencz p r o p e r t i e s  o f  Lege3dre series, 

we s t u d y  t h e  convergence o f  t h e  series 

S i n c e  the 

i n c r e a s e s  

(3 .45 )  

expansion c o d  f i c i e n t s  i n  (3 .4  5 )  v a n i s h  r a p i d l y  a s  n 

beyond NIT, we conclude  t h a t  Legend* polynomial  expans ions  



d brmoth f unc!t ions  converge  rapidly  prw ided t h a t  a t  least  

~ o l y n o r n i a l s  a r e  r e t a i n e d  p e r  wavelength.  (see ~ i g .  3.8) . 
When a d . l s con t inuous  f u n c t i o n  is  expanded i n  1,egendre seriss, 

t h e  rate o f  convergence is no l o n g e r  f a s t e r  t h a n  a l g e b r a i c .  I n  

t h e  neighbo:.rhood o f  a  d i s c o n t i n u i t y ,  a. Gibbs phenomenon o c c u r s  

whose l o c a l  s t r u c t u r e  is t h e  same a s  t h a t  f o r  F o u r i e r  series 
I 

w i t h  a s u i t a b l e  s t r e t c h i n u  o f  t h e  c o o r d i n a t e .  For  example,  t h e  

Legendre series expans i cn  o f  t h e  s i g n  f u n c t i o n  s g n x  is 

- 
(-1)" (4n+3) (2x1) ! sgn x = L 

n=O 22n+1 ( n + l )  in! P ~ n + l ( x )  

The p a r c i a 1  sums of  t h i s  series a r e  p l o t t e d  i n  F ig .  3.9.  Three  

f r a l u r e s  are nuteworthy : 

(i) The Gibbs phenomenon nea r  x  = 0 h a s  t h e  same s t r u c t u r e  

as t h a t  f o r  F o u r i e r  series. 

(ii) The error a f t e r  N terms behaves l i k e  1 / N  f o r  I x l < l ,  

x  f 0. Th;.s f o l l o w s  from t h e  f a c t  t h a t  t h e  

coa f  f i c i en t :  i n  (3 .46)  s a t i s f i e s  

and  t h e  estimate 

for  l x  1 C 1; t h e  series (3 .46)  is an  a l t e r n a t i n g  series if x 

i s  f i x e d  away from z e r o  so t h e  error a f t e r  N terms i s  a t  most 

1 4  d order a P PO (--I . n n fi 



F i g .  3 . 8 .  A p l o t  of the L2-error in the Legmdre series expansion (3.37;  of 

sin(M7x) truncated after PN(x) versris N/M. The various symbols represent: 

a M = 10; x f1 = 20; A p? = 30; OF1 = 40. Okeerve that the L,-error approaches 

zero rap id ly  when NIM > n. 
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(iii) The -9ries converyes  o n l y  l i k e  1 a t  x = t l .  T h l s  

rr ?ollctws from ( 3 . 4 7 )  because P n ( f l )  = ( 51 )  f o r  a l l  I .  Thus, 

a n  i n t e r i o r  Gibbs phenomenon i n  a Legendre series e x ~ a n s i o n  h a s  

a ' long-range '  e f f e c t  i n  t h e  s e n s e  t h a t  it s e r i o u s l y  a f f e c t s  the 

 rat^ o f  convergence a t  t h e  e n d p o i n t s  x = +1 of  t h e  i n t e r v a l .  

I n  c o n t r a s t ,  t h e  e r r o r  of t h e  Chebys5ev expans ion  o f  sgn x 

p l o k t e d  i n  F ig .  3.5 decay  l i k e  1/N a t  x = t l  . T h i s  b e h a v i o r  

is  q u i t e  g e n e r a l ;  t h e  5oundary errors o f  t e g e n d r e  polynomial 

expans ions  decay t o  z e r o  rough ly  a f a c t o r  . s lower  t.han t h e  

boundary errors of Chebyshev e x p a n s i c r ~ .  

The r a t e  o f  convergence o f  Leqendre expans ions  of a g e n e r a l  

f u n c t i o n  f ( x )  may D e  e s t i m a t e d  as for Chebyshev e x p a ~ s i o n s ,  

I n  p a r t i c u l a r ,  t h e  r e s u l t s  ( 3 . 4 2 )  and ( 3 . 4 4 !  hold  provided  t h a t  

f  ( x )  s a t i s f  iss t h e  s t a t e d  c o n d i t i o n s  and. (3 .23 ;  h o l d s  w i t h  

o n l y  minor modif i c a t i ~ n s .  

Reso lu t ion  of  t h i n  boundary Layers  - - 
Legendre and Chebyshev polynomial expans ions  g i v e  an  

exceed ing ly  good r e p r e s e n t a t i c n  of  functions t h a t  undergo r a p i d  

changes i n  narrow boundary l a y e r s .  Cons ider  t h e  seqlience of  

funct 'ons g6 ( x )  = f ( x )  exp  l ix-1) /6 ' as 6+0 w i t h  Re 6 > O  f o r  

a f i x e d  smooth f u n c t i o n  f (x )  . A s  0 g6 ( x )  deve lops  a 

bocndary l a y e r  af width  6 n e a r  x = l *  I t  may e a s ~ l y  be show, 

t!lat t h a  Chebyshev expans i cn  c o e f f i c i e n t 5  o f  g :x '  s a t i s f y  
6 



provided  t h a t  R e  620. Thus, i f  N po lynomia ls  are r e t a i n e d ,  

t h e  rms e r r o r  c i n  t h e  Chebyshev expans ion  o f  g (x )  e a t i s f i e s  
6 

The reslrlt (3 -49 )  i m p l i e s  t h a t  a s  6+0, t h e  number o f  

poiynomials  r e q u i r e d  t o  r e a c h  a s p e c i f i e d  error bound i n c r e a s e s  

o n l y  a s  i ,  i n  c o n t r a s t  t o  a uni form g r i d  r e p r e s e n t a t i o n  o f  

g 6 ( x )  t h a t  would require o r d e r  1/6 cjrid p o i n t s  i n  t h e  i n t e r v a l  

( x ( c 1 .  I n  f a c t ,  t o  a c h i e v e  1% m a x i m  p o i n t w i s e  error i n  boundary - 
l a y e r s  of  t h i c k n e s s  6 a t  t h e  e n d s  o f  t.he i n t e r v a l  - l < x < l ,  it - - 
is neces sa ry  to  r e t a i n  o n l y  

N - 3/-6- 

polynomials  a s  6+0. 

H e u r i s t i c a l i v ,  t h e  r ea son  t h a t  Chebyshev expans ions  r e p r e s e n t  

boundary l a y e r s  s o  w e l l  i s  t h a t  t he  extreme of T n ( x )  o c c u r  

2 
st xi = cos 1 j /n  f o r  1 . . . n .  S i n c e  xO-x1- n /2n2 end 

J 

Xn-l-xn 
- n2/2n2 a s  n+d , it f o l l o w s  t h a t  t h e s e  po lynomia ls  can 

- 2  
resolve changes over d i s t a n c e s  of o r d e r  n . 



The  convergence p r o p e r t ~ e s  o f  Legendre polynomial  expans ion@ 

o f  boundary- layer  f u n c t i o n s  a r e  s i m i l a r  to  t h o s e  o f  Chebyshev 

expans ions .  In p a r t i c u l a r ,  ( 3 . 4 9 )  and (3 .50)  a r e  b o t h  s t i l l  

v a l i d .  I n  F i g .  3.10 w e  compare t h e  s p a t i a l  d i s t r i b u t i o n  o f  t h e  

e r r o r s  i n  Chebyshev s n d  Legendre polynomial  e x p a n s i o n s  o f  :he 

f u n c t i o n  g ( x )  = e loo (x-l' , which h a s  a narrow boundary l h y r r  

of w id th  1/100 n e a r  1 Apparen t ly  f o r  x away from t h e  

bounda r i e s  x = + l ,  t h e  Legendre expans ion  h a s  somewhat s m a l l e r  

e r r o r s ,  w h i l e  n e a r  x = + l  t h e  Chebyshev expans ion  h a s  smaller 

errors. 

The Legendre  expans idn  g i v e s  t h e  polynomial  QN ( x )  o f  

d e g r e e  N t h a t  min imizes  

w h i l e  t h e  Chebyshev expans ion  g i v e s  t h a t  QN t h a t  min imizes  

The Chebyshev expans ion  a l s o  g i v e s  a s m a l l e r  maximum e r r o r  

max 
1 X I  51 

t h a n  t h e  Legendre expans ion  by rough ly  a i a c t o r  2 / h  ; 

a s  remarked above ,  t he  Chebyshev is u s u a l l y  remarkably  

c l o s e  t o  t h e  minimax polynomial  t h a t  min imizes  t h e  maximum 

error. 
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Laguer re  po lynomia ls  are t h e  e i g e n f  u n c t i o n s  of (3.26 ) w i t h  

-X 
P ( X )  = xe  , q(x) = 0, w(x) = e -X  for  O 2 x < w i t h  

'l 
I 

e ' T ~  +n (x! bounde6 at x = 0 and  . The -. n th  e i g a n v a l u e  is  . 

= n and t h e  asaosizt~.' e i g e n f u n c t i o n  is On(x) = Ln(x), n 

t h e  Lzguer re  polynomial  of d e g r e e  n. I f  f (x )  a n 3  a l l  i ts 

d e r i v a t i v e s  a r e  smooth and  s a t i s f y  

f o r  some a c 3, it i s  e a s y  t o  s'l~ow by r e t r ac i r . 9  t h e  d e r i v a t i o n  

of  (3.33) from (3.30) t h a t  t h e  Legendre expans ion  

converges  faster t h a n  algebraically as t h e  number o f  terms N + -. 
. 

To i l l u s t r a t e  t h e  rate o f  convergence o f  Laguer re  series, 

w e  c o n s i d e r  t h e  expans ion  of s i n x  : 

9) 

s l n x  = 1 1 
.-L cos[i (n+l  l]Ln (r i n=0 

< which canvcrges  f o r  all x ,  0 - x < m. S i n c e  

[ s e e  Erdelyj e t  al 1953 ,  Vol. 11, pg. .>5]  it f o l l o w s  t h a t  i f  

I N > > x,  t h e n  t h e  error after N terms a t  x is  roughly  

> 
T h i s  errol- i s  s m a l l  o n l y  if N En 2 > x or N - 1 .44x .  Since 

t h e  wavelength o f  s i n x  i s  2~ , Laguer re  expansions r e q u i r e  

I approximatc iy  9.06 polynomials  per wave le rg th  tc a c h i e v e  h igh  

-68- 



accuracy. (This figure may be reduced to about 6.53 polynomials 

per wavelength by using the modified Lagu6:rx-e expansion 

-ax 1 anL,(xk and optimizing the choice of a . )  Thus, Laguerre 

expansions require many more terms tc resolve a function of given 

complexity than do either Chebyshev or Legendre expansions. The 

reason is that significant weight is given to x + + w in the 

Laguerre series where sinx has an essential singularity. 

X n  rigs. 3.11-13, we plot the partial sims of (3.51) with 

N = 10, 20, and 40 terms. Observe that the number of wavelengths 

~f sinx represented accurately by (3.51) is roughly N / 9 .  

Hermite expansion2 

-X 
2 

Hermjte polynomials satisfy -(3.26) with p = e , q ( x )  = 0 ,  

-X 
2 

W(X) = e for - W < X < W ,  +,(x)e -tx2 bounded as 1 x 1 + =. 

Thc Hermite polynamial Hn(x) of degree n is associated with 

the eigenvalue An = 2n. If f ( x )  and all its derivatives satisfy 

;'or some a < i t  then the Hermite expacsion 

converges faster than algebraically as the nlmber of terms N -+ 

This is proved by retrccing the steps leading from ( 3 . 3 0 )  to (2.33). 

To study the rate of convergence of Hermite series, we consider 

the expanoion of sinx : 

i 
sin x = 1 ;%+I H;n+ I. i x )  

& n==O (2n+1) ! 
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Since the asymptotic behavior of H,(x) is given by [Erdelyi, 

et. a1 1953, vol. 11, pg. 2011 

H ~ ~ x )  Q e +x2 nl ol cos (/ZGT x - dnvj 

as n + for x fixed, it follows that the errox after N 
X 

2 
terms of (3 .52 )  goes to zero rapidly at x only if N ? I-, . og x 

This resxlt is very bad; to resolve M wavelengths of sinx 

requires nearly kI2 Hermite polynomials! [By expanding i!. the 

-ax 
2 

series 1 an Hn(x)e and optimizing the choice of a, I t  is 

possible to reduce the number of required Hermite polynomials to 

5 about i n  t 7.85 per wavelength, but this is still quite poor.] 

Because of the poor resolution properties of Laguerre and 

Hermite polynomials the authors doubt they w'll be of much prac- 

tical value in applications of spectral methods. 



4 .  Review of Convergence Theory 

The fundamental problem of  t h e  numerical  n n a l y s i s  of  

i n i t i a l  va lue  problems is t o  f i n d  c o n d i t i o ~ . s  under which 

u N ( x , t )  converges t o  u ( x , t j  a s  N + f o r  so~ile t i m e  in-  

t e r v a l  0 5 t 5 T and to e s t i m a t e  t h e  error llu - uN1) . 
The p r i n c i p a l  r e s u l t  is t h e  Lax-,Richtmyer equivalence theorem 

which s t a t e s  t h a t  s t a b i l i t y  i s  e q u i v a l e n t  t o  convergence f o r  

c o n s i s t e n t  approximations t o  well-posed l i n e a r  problems. The - 
terms s t a b l e ,  convergent ,  and c o n s i s t e n t  r e l a t e  t o  t e c h n i c a l  

p r o p e r t i e s  o f  t h e  approximation scheme which a r e  d e f i n e d  below. 

An approximation scherrs (2.5-6) is -- stable i f  

f o r  a l l  N where K ( t )  i s  a f i n i t e  f u n c t i o n  of  t . Here 

the opera, tor  norm i s  def ined  by 

An a p ~ r o x i m a t  ion  sc1.eme is  conversent  i f  -- 

f o r  a l l  t i n  t h e  i n t e r v a l  0 I t 2 T and a l l  - u ( 0 ) s N  and 

f ( t )  eH. F i n a l l y ,  a n  approximation schsze is c a w i s t e n t  - --- i f  



as N + =  for all u in a dense subspace of U; . 
Tho classical Lax-Richtmyer equivalence theorem relating 

the above definition states that "a consistent approximation to 

a well.-posed linear problem is stable if and only if it is 

convexgent." In this monograph we are confronted with some 

subtleties regarding the notions of stability and sonvergence. 

Because a precise understanding of the ideas of stability and 

convergence is important to the theory of algebraic stability 

given in Sec. 5, we outline here the proof of the equivalence 

theorem. 

Proof of the Equivalence Theorem - 
To show that stability implies convergence we use (2.1) and 

d 
(2.5) to obtain 

Thus, 

Using (4.5) and (4.3) and the triangle inequality we obtain the 

estimate 

Ilu(t) -uN(t) 1 1  I K (t) !lu (0) -uN (0) 11 

Thus, if u(t) belongs to the dense subspace of M satisfying 

(4.2) and if f (t) belongs to the dense subspace of satisfy- 



a s  N + 0 . Since  a l l  s o l u t i o n s  u ( t )  o f  (2.1) can  be  

approximated a r b i t r a r i l y  w e l l  by f u n c t i a n s  s a t i s f y i n g  ( 4 . 2 )  , 

t h e  proof t h a t  s t a b i l i t y  impl ies  convergence is  completed, 

Conversely, t o  show t h a t  convergence impl ies  s tab!- l i ty ,  

Lilt w e  f i r s t  observe  t h a t ,  f o r  any UE* , Ile ull is bounded 

f o r  a l l  N and each f i x e d  t . I n  f a c t ,  convergence impl ies  

whi le  well-posedness r e q u i r e s  t h a t  11 eLtr : is  f i n i t e .  How- 

L ~ t  ever ,  maxlle ull may depend on u end on t , s o  s t a b i l i t y  
. . 

N 
is n o t  y e t  proved. To complete t h e  proof w e  use  t h e  f a c t  t h a t  

)(, is a H i l b e r t  space.  The p r i n c i p l e  of uniform bounde6nesa 

L ~ t  (Richtmyer C Morton 1967) impl ies  t h a t  i f  Ile ull is bounded 

a s  N + f o r  each t and us* than  li:Nt(I i s  bounded a s  

N + - f o r  each  t . This  proves  s t a b i l i t y  and completes t h e  

proof o f  t h e  e ~ u i v a l e n c e  theorem. 

Using t h e  equivalents theoren ,  t h e  s tudy  of  t h e  ccnvergencc 

of  d i s c r e t e  approximations t o  t h e  s o l u t i o n s  of i n i t i a l - v a l u e  problems 

i s  reduced t o  the s tudy  o f  t h e  s t a b i l i t y  o f  the d i s c r e t e  approxima- 

t i o n s ,  assruning t h e  approximatiorls are c o n s i s t e n t .  Thus, t h e  de- 

velopment of  c o n d i t i o n s  f o r  t h e  s t a b i l i t y  of  f a m i l i e s  of f i n i t e -  

dimensional o p e r a t o r s  LN i s  of primary i n t e r e s t  i n  numerical 

a n a l y s i s .  

Von - Nemann S t a b i l i t y  L ~ n d i t i o n  

The s i m p l e s t  condit i -n f o r  s t a b i l i t y  i s  due t o  von Neurnann. 

Let us  suppose t h a t  t h e  Hilbert space possesses  t h e  h n e r  product  

( , ) . Using t h e  inner  product ,  we & f i n e  (neg lec t ing  t h e  compli- 
* 

c a t i o n s  due t o  bounclary c c ~ ~ d i t i o n s )  t h e  a d j o i n t  L of aE o p e r a t o r  

L as t h a t  l i n e a r  o p e r a t o r  t h a t  s a t i s f i e s  
-76- 



* 
niona l  approximatLon =N' t h e  m a t r i x  r e p r e s e n t a t i o n  of  $ is 

+he a d j o i n t  o f  t h e  m a t r i x  r e p r e s e n t a t i o n  of  $ (sea Sec. 2 ) .  

The o p e r a t o r  LN is  s a i d  to  be a normal o p e r a t o r  i f  LN C ( r r . ~ a U t e S  

w i t h  43 so L& - 
The von Neumann s t a b i l i t y  c o n d i t i o n  is t h a t  s t a b i l i t y  of  

normal o p e r a t o r s  is e q u i v a l e n t  to  t h e  c o n d i t i o n  

where 
.iB 

i s  any of  t h e  e igenva lues  of  any of  t h e  o p e r a t o r s  

aild C is a f i n i t e  c o n s t a n t  independent o f  N . To prove 
U~ * 
t h i s ,  w e  no te  t h a t  i f  LN i s  qormal, then  LN and LN a s  

* 
w e l l  as e x p ( 5 t )  and exp(LNt)  a r e  s imultaneously d iag-  

no1 Lznble. Therefore,  

where A N  a r e  t h e  e igenva lues  o f  LN . Thua, t h e  von Nellmann 

cond i t ion  (4.7: is equiva1.en.t t o  t h e  s t a b i l i t y  d e f i n i t i o n  ( 4 . 1 1  

wi th  K ( t )  = ex2;ZCt) . 
The von Neumann cond i t ion  g i v e s  an  o p e r a t i o n a l  techr.ique 

f o r  checking s t a b i l i t y  of  normal approximations:  compute t h e  

eiger .values of LN and check t?..it t h e  real p a r t s  o f  t h e  e igen-  

v a l u e s  are bounded from above. 

Example 4 . 1  : S y m e t r  i c  hyperbo l i c  s y s t e m  wi th  p e r i o d i c  

bound3ry c o n d i t i o n s  

L e t  u s  apply  t h e  theoxy j u s t  d i scussed  t o  t h e  s t a b i l i t y  

of d i f f s r e n c t  approximations t o  the m-component sywnetr ic 

hyperbol ic  sy  s t a n  



w S t h  p e r i o d i c  boundary c o n d i t i o n s  A(0, t) = ;(A, t) 

+ 
Here u i s  an m-component v e c t o r  and A is  a symmetric 

m r m matr ix .  

I f  we  d i s c r e t i z e  i n  space using second-crder c e n t s r e d  

d i f f e r e n c e s ,  w e  o b t a i n  

where u k ( t )  = u(k/N, t )  and Ax = 1/N . The system ( 4 . 9 )  

is equ iva len t  t o  t h e  system of mN equa t ions  

where 6 i s  t h e  c o 1 . m ~  vec to r  whose t r cnspose  is  

^T -+ -t -b u = u u ,  . . . Here B is t h e  mN I mN m a t r i x  given 

by the Kronesker product  

where A i s  t h e  m x m matr ix  i n  (4.8) and D is  t h e  

d x N ma t r ix  

t 
D is  a n t i . - s y m e t r i c  ( s o  D = -D and, hence, D is 

mrmal! so it has  e igenvalues  -that a r e  e i t h e r  !! o r  pure  



i s i n  ( 2nkAx) /Ax f o r  k = 0,1,. . . , N - 1 .  Thurn, t h e  norm 

of exp ( B t )  a a t i s f  ies 

where w e  u a e  t h e  f a c t  that A is e y m n e t r i c  so it h a s  r e d  

e i g e n v a l - m e .  

Krei~as Matrix Theorha 

If t h e  a p p r o x i m a t e  e v o l u t i o n  o p e r a t o r s  $ are n o t  normal ,  

c o n d i t i o n s  g l i a r a n t e e i n g  s t a b i l i t y  are mucq b a r d e r  :o o b t e i n ,  

The von Neumann c o n d i t i o n  ( 4 . 7 j  i s  s t i l l  n e c e s s a q  f o r  

s t a b i l i t v  (why?) ,  b u t  it i r ;  n o t  s u f f i c i e n t  t o  e n a u r e  s t a b i l i t y .  

Ore i m p o r t a n t  case i n  which s t a b i l i t y  c o n d i t i o m  c a n  be found 

i n  :or t h e  problem s t u d i e d  i n  Example 4 . 1  w i t h  A no l o n g e r  

s y m e t r  ic  . The a p p r o p r i q t e  g e n e r  c r l i a a t t o n  is t o  assume t h a t  t h e  

a p p r o x i m a t i o n  LN ha; the farm LN = A b b N  where  A is  a f i x e d  

rp x m m a t r i x  ( p c s s i b l y  n o t  normal )  and nN is a n  N-dimensional  

normal m a t r i x .  it is e a s y  t o  show t h a t  

I l e x r , ( ~ ~ t )  !( = max lie::; i ) i N A r )  1 1  
A - -  

where  A N  is any  o f  t h e  c i g e n v a l u e s  c f  D A s t a b i l i t y  
N 

c o n d i t i c n  f o r  (4 .11)  w i l l  b e  o b t a i n e d  belqw. To do  t h i s ,  w e  

g e n e r c l i z e  i 4 . 1 1 )  and  s e e k  c o n d i t i o n s  for the s t a b i l i t y  of a f a m i l y  

of m x rn mdtrices A ( w )  , where  w is  a n  a r b i t r a r y  p a r a m e t e r .  

Thac is, w e  week c o n d i t i o n s  s u c h  t h a t  

whers K ( t )  is a f i n i t e  f u n c t i o n  of t .  Once t h e s e  g e n e r a l  

c o n d i t i o n s  a r e  found,  t h e y  c a n  b e  s ~ e c i a l i z e d  tu $ive s t a b l l l r y  

c o n d i t i o n .  f o r  f a m i l h a  of t h e  fo rm exp(LNt) where  L ~ = A ~ D ~ ,  w i t h  
N 



DN n o m a 1  by aimply c h m ~ i n g  A ( u )  = Aid where u, is any of 

the e i g e n v a l u e s  of any o f  t h e  matrices DN . 
The basic r o e u l t  on  t h e  s t a b i l i t y  o f  f a m i l i e s  o f  m x m 

m a t r i c e s  i s  t h e  Kreiss m a t r i x  theorem (Kreiss 1962) :  

For any f ami ly  A ( w )  of in x m matrices, e a c h  of 

t h e  fo l lowing  s t a t e m e n t s  i m p l i e s  t h e  nex t :  

(i) There  e x i s t  symmetric m a t r i c e s  H ( w )  s a t i s f y i n g  
H ( w ) ~ ( w )  + A* ( w ) H  (a) 5 0 and 

I 5 H ( w )  , I I H ( w )  1 1  5 C f o r  some c o n s t a n t  C . 
(ii) ; / e x p [ ~ ( w ) t ]  I/ C f o r  a l l  t L 0 . 
!iii) ( R e  A )  1 I -  1 1  5 C '  f o r  some c o n s t a n t  C t  

and a l l  X s a t i s f y i n g  R e  X > 0 . 
( i v )  There  e x i s t  m a t r i c e s  H ( U )  s a t i s f y i n g  ( i )  w i t h  

H 1 K C  where C' is  t h e  c o n s t a n t  

appea r ing  i n  (iii) and K ( m )  depends o n l y  on 

m and n o t  o n l y  t h e  f ami ly  A ( w )  . 
Observe t h a t  f o r  a f ami ly  o f  m a t r i c e s  A(w!  t o  s a t i s f y  

i t h e  c o n d i t i o n s  of t h i s  theorem it is  n e c e s s a r y  t h a t  a l l  t h e  

e i g e n v a l u e s  of  a l l  t h e  m a t r i c e s  have non-pos i t i ve  r e a l  p a r t s .  
-. 

Otherwise  t h e r e  would be some and some e i g e n v e c t o r  u  s a t i n -  

f y i n g  l l e x p [ ~ ( o )  t ] ;~] -. - a s  t + = v i o l a t i n g  ( i i ) .  

The most impor t an t  r e l a t i o n  impl ied  by t h i s  theorem i s  t h e  

< i m p l i c a t i o n  t h a t  (iii) i m p l i e s  (ii) w i t h  C - K ( m ) C V  That  is,  

f o r  any m x m m a t r i x  A a l l  o f  whose e i q e n v a l u e s  have  nonposi-  

t i v e  r e a l  p a r t s  

where K1(m) is a f i n i t e  f u n c t i o v  of m . 
A n  elemeritary proof o f  ( 4 . 1 2 )  has r e c e n t l y  been g iven  

oy Laptev  i1975i arid improved by C.  McCarthy ( p r i v a t e  communic . .~-  

t i o n  to G. S t r a n g ,  1975) .  L a p f t v  o b s e r v e s  t h a t  i f  v 0 , t n e n  



a s  may be proved Sy s h i f t i n g  con tours  i n  t h e  complex p lane .  

-1 
Since  each e n t r y  of !*d+iy-A) is a r a t i o n a l  f u n c t i o n  i n  p 

of degree  a t  most m , t h e  d e r i v a t i v e s  of t h e  r e a l  and imaginary 

p a r t s  of each e n t r y  can change s i g n  a t  n e s t  4 m  t i m e s  when p 

i n c r e a a = t  fro= - t o  - . On any p - i n t e r v a l ,  s a y  a 5 p 5 b , 

where t h e  real and imaginary p a r t s  of an  e n t r y  i n  (v+iy-A)-1 

a r e  m0-  tonic, t h e  second mean-value theorem impl ies  

s i n ( c t ;  s i n ( a t ) ]  + (b)  [ z in (b t )  -- 
tor p t  ~ ( P I  dl* = f ( a )  I--- 

t t 

f o r  some c s a t i s f y i n g  a < c < b where f ( P )  i s  t h e  r e a l  or 

-1 imaginary p a r t  o f  an e n t r y  in t h e  mat r ix  (v+ip-A) . I f  w e  apply  

t h i s  kind of i n e q u a l i t y  t o  t h e  r i g h t  s i d e  of ( 4 . 1 1 ) ,  it fol lows 

t h a t  f o r  a l l  i, j 

If !.t i r  t r u e  t h a t  t h e  mat r ix  norm has t h e  p roper ty  t h a t  

Pij 1 5 C i j  f o r  a l l  i , j  impl ies  1 1 ~ 1 )  I. IIcli , then  ( 4 . 1 4 )  

imp1 ies 

i p t  
e ( V + ~ ~ - A ) Y ;  . p i  < - 6 4 m  mar 

- t p  

a0 

11 !-G+ip-*~ -1 < - 64 max 11 (v +iD-*) 11 
d y  li . . - t  P * 

(v+ip-A) i j  ( 4 . 1 4 )  

Choosing v = l/t i n  (4.13-15) g i v e s  ( 4 . 1 2 ;  wit!, K ' ( m )  = 64 m . 



There  are t h r e e  impor t an t  m a t r i x  norms i n  which 

< C Isij 1 - i j  f o r  a l l  i, j i m p l i e s  I 3  c , namely 

t h e  matrix norms induced by t h e  L1, L2, and L_ v e c t o r  

norms. T h i s  i s  shown u s i n g  t h e  r e l a t i o n s  

1 1 ~ 1 1 ~  = max 1 I B . .  1 
j i=l 11 1 

which hcld f o r  a l l  matrices B . I n  o t h e r  nmma I 
l B i j  I I Cij 

may n o t  imply c 1 b u t  t h e  equivalence o f  a l l  m a t r i x  norms 

implies B 1 1  5 F(m) jlf2Il f ~ r  some finite f u n c t i o n  of t h e  

dimension rn. Thus ,  (4.12) is obtained w i t h  K1(m) = 64mF fni )  . 

The f u n c t i o n s  K(nd a p p e a r i n g  i n  s t a t e m e n t  ( i v ;  o f  t h e  

Kreiss theorem and K '  (m) appear  i n y  i n  (4 .12)  nead n o t  be e q u a l .  

I t  f o l l o w s  from t h e  Kreiss theorem t h a t  K ' ( m )  2 K ( m )  . Kreiss 

showed o n l y  t h a t  K!mi = O(mm)  a s  m + 0 ; t h i s  is much t o o  

c o n s e r v a t i v e .  Miller 6 S t r a n g  (1965) showed t h a t  X ( m )  = O(cn) 

a s  n -+ f a r  some c o n s t a n t  C > 1 . 
I n  t h e  c a s e  of  a normal f a m i l y  o f  m a t r i c e s  A ( w )  t h e  con- 

d i t i o n s  of t h e  Kreiss m a t r i x  theorem a r e  t r i v i a l l y  s a t i s f i e d :  

i f  t h e  e i g e n v a l ~ e s  o f  A ( w )  have n e g a t i v e  r e a l  p a r t s  t h e n  

I l e x p [ ~ ( w )  t ]  I (  1 f o r  a l l  t 0 and w . 



The Kreiss m a t r i x  thecrrem a p p l i e s  t o  approximations of  t h e  

form Ls - A ~ D ~ ,  where A is a f i x e d  dimensional  non-normal 

matr ix  and DN is  an N-di rnens i~r~al  normal matr ix .  This type  

of o p e r a t o r  LN is cciermonly e m o u n t e r e d  i n  t h e  s o l u t i o n  

of i n i t i a l - v a l u b  prcblens w i t h  p e r i o d i c  bcundary c o n d i t i o n s .  

On the ~ t h e r  hand, non-periodic boundary c o n d i t i o n s  u s u a l l y  l e a d  

to  problems i n  which t h e  non-normality a f f e c t s  t h e  N-dependent 

o p e r a t o r  %. Whe~ f i n i t e - d i f f e r e n c e  methods a r e  used f o r  such 

problems, the d e v i a t i o n  of DN from a. normal o p e r a t o r  is  f r e q u c n t i y  
8 smalll. 

Example 4.2: Non-r~ormality of  a d i f f e r e n c e  approximation t o  a mixed - 
initial-boun_darv value  problem 

A d i f f e r e n c e  approximation t o  t h e  mixed in i t i a l -boundary  

I v a lue  problem 

is  given by 

where u.(t) = u ( j h , t )  acdwe s e t  u g ( t )  = O  and 
3 

(t) = 2uN (t) 

-u (t). The l a t t e r  c o n d i t i o n  is  an  ~ a c t x a p c l a t i o n  c o n d i t i o n  N- l 
which ensures t h a t  (4.16) i s  a  c l o s ~ d  system of e q u a t i c n s .  T h i s  

approximation has t h e  natrix r e p r e s e n t a t i o n  



The d e p a r t u r e  of  LN f;om a normal m a t r i x  i s  s m a t r i x  of 

rank 1 i n  t h e  lower right-hand corner .  For problems of t h i s  

kind,  e x t s n s i o n s  of  von Neumann s t a b i l i t y  ar ia lys is ,  like t h a t  

in t roduced by Godunov & Ryabenkii (1963) and extended by 

Kreiss {see Kreiss & O l i g e r  1973) ,  apply .  

Unfortunatt  ly, t h e  c l a s s  o f  semi-discre te  approximations 

i n v e s t i g a t e d  i n  t h i s  monograph i n c l u d e  problems t h a t  cannot  be 

e a s i l y  analyzed e i t h e r  by straig!l t forward von Neunar~n s t a b i l i t y  

a n a l y s i s  o r  by t h e  Godunov-~ysbsnkii  o r  Kreiss a n a l y s i s .  

I n  c o n t r a s t  t o  t h e  c l a s s i c a l  problems of  t h e  numerical a n a l y s i s  

of d i f f e r e n c e  methods f o r  i n i t i a l - v a l u e  >roblerns, s p e c t r a l  

approximations LN a r e  fregqlently n o t  even approximately normal. 



5. ALgebraic S t a b i l i t y  

In  t h i s  s e c t i o n ,  wt.: d e v d o p  a theory of s t a b i l i t y  and 

convergence whi.ch g e n e r a l i z e s  t h e  c l a s s i c a l  theory  d i scussed  

i n  Sec. 4 .  A s  w i l l  be shown by examples i n  S e c t s .  6-8,  t h i s  

qenera l i zcd  s t a b i l i t y  t h e a r y  is w e l l  s u i t e d  to  s tudy  the con- 

v e r g e w e  o f  s p e c t r a l  methodo. 

A s p e c t r a l  approximation 

t o  t h e  i n i t i a l - v a l u e  problem ct = Lu + f is called 

a l g e b r a i c a l l y  s t a b l e  a s  N - i f  

f o r  a l l  s u f f i c i e n t l y  l a r g e  N , where r ,  s ,  and K ( t )  

a r e  f i n i t e  f o r  0 I t I T . 
It may a t  S i r s t  seem t h a t  t h e  Lax-Richtmyer theorem shows 

t h a t  a l g e b r a i c a l l y  s t a b l e  arnroximat ions  cannot  b e  convergent  

u n l e s s  (5 .2 )  h o l d s w i t h  r 0 s s O  . I n  f a c t ,  i f  we 

demand t h a t  t h e  approximations converge f o r  a l l  u ( 0 )  and 

f (t) i n  the  H i l b e r t  space  # , t h i s  conclus iox  i s  correct, - 
However, it is p o s s i b l e  f o r  approximations t h a t  s a t i s f y  (5 .2 )  

w i t h  r 2 0 o r  s 2,  0 to  converge on  a dense s u b s e t  of 

t h e  H i l b e r t  space  i n  which t h e  on ly  f u n c t i o n s  f o r  which con- 

vergence is no t  ob ta ined  a r e  h igh ly  patholngf.ca1. I n  f a c t ,  i f  

p = r + ST > 0 b u t  p is smaller than  the o r d e r  of  t h e  



s p a t i a l  t r u n c a t i o n  error of a p a r t i c u l a r  s o l u t i o n  u ( x , t )  , i.e. 

f o r a l l  O L t L T  , khen ( 4 . 4 )  and ( 5 . 2 )  imply t h a t  

f o r  0 L t .I T . Thus, a l g e b r a i c  s t a b i i ~ t y  impl ies  con- 

vergence i n  t h a t  subspace o f  )f s a t i s f y i n g  t h e  c o n d i t i o n s  

( 5 . 3 ) .  I f  t h t s  l a t t e r  subspace is  l a r g e  enough, an  a lgebra ic-  

a l l y  a t , i b l e  method can s t i l l  be very u s e f u l  a l though it cannot  

y i e l d  converger't r e s u l t s  f o r  a l l  i n i r i a l  c o n d i t i o n s  u (0) and 

f o r c e s  f ( t )  . Since  s p e c t r a l  methods a r e  normally i n f i n i t e -  

o r d e r  a c c u r a t e ,  a l g e b r a i c  s t a b i l i t y  impl ies  convergence f o r  

such s p e c t r a l  methods. 

I n  t h e  examples o f  a l g e b r a i c  s t a b i l i t y  g iven  i n  Secks. 7-9, 

1 w e  f i n d  r , s 5 0 , and K ( t )  5 M . I n  t h i s  c a s e ,  

a l g e b r a i c  s t a b i l i t y  impl ies  convergence sc long  as ! 5 . 3 )  nolds  

1 . i i t h  p 2 . Thus, t h e  approximation need n o t  be i n f i c i t e -  

o r d e r  a c c u r a t e  t o  ach ieve  convergence. Howsver, we develop t h e  

genera l  theory  of  a l g e b r a i c  s t a b i l i t y  h e r e  i n  t h e  e x p e c t a t i o n  

t h a t  it w i l l  f i n d  a p p l i c a t i o n  t o  s p e c t r a l  methods f o r  high-order 

equa t ions  i n  which p may be s r g e .  



Our d e f i n i t i o n  of a lgeb ra i c  s t a b i l i t y  is very simil.ar 

t o  t h e  n ~ t i o n  of s - s t a b i l i t y  introduced by Strang (1960). 

However, our motivation is s l i g h t l y  d i f  f  s r e n t  . S t rang in t ro -  

duced s - s t a b i l i t y  t o  study t h e  convergence of t ime-discret ized 

i n i t i a l - v a l u e  problems i n  which t h e ,  norm of t h e  evolu t ion  

operator  grows a s  a power of t h e  time s t ep .  Wr- s h a l l  r e t u r n  

to t h i s  concept when we discuss  general ized s t a b i l i t y  i n  Sec. 9. 

Let  us g ive  an i l .bus t ra t ion  of  t h e  need f o r  n theory of 

a lgebra ic  s t a b i l i t y .  In Sec. 8, w e  w i l l  d i s cus s  Chebyshev 

polynomial s p e c t r a l  n~ethods t o  so lve  the o n e 4  imens iona i  

wave equation ut + u, = f ( x , t 5  w i th  boundary condi t ions  

~(-1, t)  = 0 . Unfortunately t h i s  problem is no t  -- w e l l  posed 

i n  t h e  Chebyshev norm 

In  f a c t ,  i f  

then t h e  so lu t ion  of ut + ux = 0 ,  u(-1,t) = 0 at t = 1 is given 

by 



( E  -+ O f )  

( € + 0 + )  , 

f o r  t > 2 , so t h e  one-dimensional wave equa t ion  i s  n o t  

Will i n  the Chebyshev norm. 

S i n c e  t h e  f in i te -d imensional  approximations LN t o  L 

given by Galerkin,  t a u ,  and c o ~ l o c a t i o n  approximation (see 

Sec. 2 )  should converc;e a s  N -+ , i t  fo l lows  t h a t  w e  may 

expect  

a s  N + i n  t h e  Chebyshev norm. To estimate t h e  r a t e  of 

d ivergence  o f  1 1  e x p ( ~ ~ t ) l l  a s  N + w w e  a rgue  t h a t  

Chebyshev ,p lynomia-s  o f  degree  a t  most N can  r e s o l v e  dis- 

t a n c e s  o f  a t  most o r d e r  1 / N  - i n t e r i o r  t o  1 s o  w e  

may reasonably  guess  on t h e  b a s i s  of ( 5 . 4 )  wi th  E = 1 / N  t h a t  

T h i s  r e s u l t  is j u s t i f i e d  by t h e  numerical r e s u l t s  p resen ted  

i n  Table 8 . 3 .  Eq.  (5.5) impl ies  t h a t  Chebyshev-spectral approximations 



to the one-dimensional wave equation are not stable but are 

algebraically stable with r = 1/4 and s = 0 in (5 .2 )  . 
Notice that algebraic stability in one norm implies 

algebraic skability in all algebraically equivalent norms. 

Thus, algebraic stability is equivalent in all of the L 
P 

norms 1 5 p a, beca,use these norms are algebraically 

equivalent in N-dimensional vector spaces (i.e., they differ 

f?:om each other only by a fixed power of N ) , To show this, 
+ 

we rscall that the L norm of a vector a = (al , . . . , 
P 

is defined by 

If q = pu with 0 < a < 1 , then 

by Holder 'a inequality. Therefore, for all p > 1 , 



Also, i f  p > 1 , then  

so t h a t  

The v e r i f i c a t i o n  o f  a l g e b r a i c  s t a b i i i t y  f o r  s p e c t r a l  

methods l e a d s  t o  a genera l  problem i n  m a t r i x  theory .  Suppose 

t h a t  A 1 2,  . . . , is a  one parameter fami ly  of  ma t r i ces .  

We w i l l  f i n d  c o n d i t i o n s  on t h e  inembers o f  t h e  fami ly  such t h a t  

euy (%t) is a l g e b r a i c a l l y  s t a b l e .  W e  w i l l  use only  t h e  L2 

m r m  s i n c e  the o t h e r s  a r e  e q u i v a l e n t  t o  it. 

Condi t ions  f o r  Algebra ic  S t a b i l l 3  

Le t  b e  a  fami ly  of  N x N matrices where 

1 1 %  1 1  = 0 (N') ( N  + -1 f o r  some f i n i t e  a . A necessary  

and s u f f i c i e n t  c o n d i t i o n  f o r  a l g e b r a i c  s tabj .1  i t y  

i s  t h a t  t h e r e  e x i s t  a family ($1 O' ' nsn p s i t i v e -  

d e f i n i t e  ma t r i ces  such t h a t  



c ( N )  < d log  N ( 5 . 7 ~ )  

for a l l  s u f f i c i e n t l y  large N where b and d are f i n i t e  

numbers independent o f  N . 
To prove rurizc- ?cy w e  use the  L i e  formula 

which is v a l ~ d  for arbitrary matrices C and D . T3is 

formula is  proved a t  the  end of t h i s  s ec t ion ,  i f  w e  def ine  

and note that 



it follows fro; .e Lie formula that 

1 

e = l i m  HN 
- k c t / n  elt /n\n I 

n- ) Hh 

However, it follows frcrm (5.7b) t h a t ,  since C is  ?L 

syrmetric m t t i x .  

Also, D i s  an antisymmetric ~ t i i x  so  that  

  here fore, (5.10) g i v e s  

pro\ A a lgebraic s t a b i l i t y .  

In order t o  prove that  the ~ o n ~ l t i o n s  ( 5 . 7 )  are a l s o  

necessary for algebraic s t . ab i l i t y  w e  def ine  

Therefore, 



By Liapounov's theorem (Barnett & Storey 1974) there exists  

a Hermitian pos i t i ve -de f i c i t e  matr ix  HN such t h a t  

Thus, 

* 
H A  + $ HN = -I + 2 (r+1) l o g  N HN 5 c ( N ) H N  , 

where c ( N )  = 2(r+l) log  N . I n  o rde r  t o  ccmplete t h e  

proof of (5.7) w e  need t o  es t imate  the norms of  HN and 

-1 
HN . It can be e a s i l y  v e r i f i e d  t h a t  an e x p l i c i t  formula 

f o r  HN is 

Therefore, 

i f  2 llnN > 1, i . e . ,  N 2 2 . Also from (5.11) we ob ta in  



This  completes t h e  proof of t h e  n e c e s s i t y  o f  (5 .7 ) .  

The cond i t ion  f o r  a l g e b r a i c  s t a b i l i t y  given i n  (5.7) 

impl ies  t h a t  f o r  every a l g e b r a i c a l l y  s t a b l e  problem, t h e r e  i s  

a new norm induced by t h e  Liapounov mat r i ces  
H~ 

which is  

a l g e b r a i c a l l y  e q u i v a l e n t  t o  t h e  o r i g i n a l  norm and i n  which 

the problem is  s t a b l e  i n  t h e  c l a s s i c a l  sense .  

The above r e s u l t  g i v e s  a method f o r  checking numerical ly 

t h e  a l g e b r a i c  s t a b i l i t y  of a  family {%) o f  m a t r i c e s  s a t i s -  

fy ing  IIANI1 = o ( N ~ )  as N + P :  

(i) W e  check t h a t  t h e  r e a l  p a r t s  of  t h e  e igenva lues  

of AN a r e  bounded from above by s l o g  N : 

o t h e r u i s e ,  t h e  fami ly  of  m a t r i c e s  AN a r e  a lge-  

b r a i c a l l y  uns tab le .  

- (ii) W e i n t r o d u c e  BN - 
A~ - (s+l) l o g  ( N )  I and 

compute t h e  i ~ a p o u n o v  mat r ix  HN such t h a t  
* 

H B  + B h H N  = - I .  
N N 

There a r e  s e v e r a l  numeri- 

c a l l y  e f f i c i e n t  techniques  t o  compute HR 

( B a r t e l s  & Stewar t  1972) . 



( i i i )  To v e r i f y  a l y e b r n i c  a t a b i l i t y  the c o n d i t i o n  number 

o f  HN must be bounded by N~ for some f i n i t e  b  

a s  N + . N o t i n g  ( 5 . 1 2 1 ,  i t  i a  o n l y  n e c e s s a r y  

to  v e r i f y  t h a t  t h e  s i g e n v a l u e s  o f  HN a r e  bounded 

from ahove  by some f i n i t e  power of N as N -, w . 
T h i s  procedure is a y y l i 5 d  i n  Sects. 7-8 t o  v e r i f y  a l c ~ a b r a i c  

s t a b i l i t y  of model problems. S i n c e  ( 5 . 7 )  g i v e s  a n e c e s s a r y  

a n d  s u f f i c i e n t  c o n d i t i o n  f o r  a l q e b r a i c  s t n b i . l i ? y ,  i f  these 

c o n d i t i o n s  d c  n o t  h o l d  t h e  f a m i l y  o f  n ~ a t r i c e s  
AN is a l q e -  

bra i c a l  l y  u n s t a b l e .  

P r o o f  o f  t h e  Lie Formula -- - 
To p r o v e  t h e  Lit.  fo rmula  ( 5 . 8 )  for f i n i t e  d i m o n a i o n n l  

matrices, we use t h e  i d P n t  i t y  

n- l  -k 

n c - t' 8 c e 
k=O 



On the  o t h e r  hand, 

so t h a t  

- - - 
n n n 

II" - e e l 1  L 

1 
f o r  any K > T l l ~ ~ - D C ! l  , pros ing  ( 5 . 8 ) .  

E q .  ( 5 . 8 )  is a l s o  t r u e  f o r  c e r t a i n  i n f i n i t e  dimensional 

matr ices  (operators)  . This  deep r e s u l t  known a s  the  Trot t er  

product formula i s  very u s e f u l  i n  t h e  modern theory  of 

p a r t i a l  differential equat ions .  



6. S p e c t r a l  Methods Using F o u r i e r  S e r i e s  

F o u r i e r  series are a p p r o p r i a t e  t o  s o l v e  problems 

w i t h  p e r i o d i c  boundary c o n d i t i o n s .  With p e r i o d i c  boundary 

c o n d i t i o n s ,  a s t a b l e  s p e c t r a l  method based  o n  F o u r i e r  series 

is  u s u a l l y  a c c u r a t e  and  e f f i c i e n t .  On t h e  o t h e r  hand,  when 

F o u r i e r  series a r e  used  to  s o l v e  non -pe r iod i c  problems 

( i n c l u d i n g  p r o b l e r a  hav inq  p e r i o d l c  i n i t i a l  c o n d i t i o n s  

b u t  whose e v o l u t i o n  o p e r a t o r s  v i o l a t e  p e r i o d i c i t y ) ,  

s t a b i l i t y  is n o t  enough t o  e n s u r e  convergence  to  t h e  t r u e  

s o l u t i o n  o f  t h e  problem. An example o f  t h e  l a t t e r  e f f e c t  

was g i v e n  i n  Example 1.3. I n  t h i s  s e c t i o n ,  w e  i n v e s t i g a t e  

t h e  s t a b i l i t y  and convergence  o f  s p e c t r a l  methods based  on 

F o u r i e r  series. 

Example 6.1: C o n s t a n t - c o e f f i c i e n t  h erbolic e q u a t i o n  w i t h  --a" p e r i o d i c  b u n d a r y  con  ntlons -- 

Cons ider  t h e  one  d imens iona l  wave e q u a t i o n  

w i t h  p e r i o d i c  boundary i a n d i t i o n s  

C - I . . .  . . " 
# - . .  



Since collocakion, Galerkin and tau inethoda are identical in 

the absence of ermential bound~~ry condition8 (eae See. 2 1 ,  

let ur  analyae the Fourier-collocation or yst.:idc>spoct ra l  

method. We introduce the collocation p i n t s  

xn a n/2N n - 0,...,2-1 and the vector natation 
+ 
U E(~0,=-,U2N-1 ) where un = u(x,) . The collocation 

equations that approximate (6.1) can be written as 

where C and D are 2 N  , 2N natricea whocc entries s r e  

where k t  = h-N ( 1  2 k .  2N-1) and k' 0 i f  k = 0 . h . - 

simple derivation of ( 6 . 1 )  is obtained oy ohslt.cvinq that 

C; qil,rr the Fourier corf f icisnts of the col locnt  ion projrct i ~ j n  

f u  of u ( x )  . Thus,  DC\; arc tht? Four ier  cothff  i t - i c n t  s t b t '  

3 - yi i u  and, finally, c - ~  1x6 c l i v c s  t h c  c o I t ~ w n t i o n  \ w o i t w t i o n  



I 
of - 2 Pu which is - P - u .  The matrix ia a unitary 

3 x  ,I" - 1 
matrix so C *  - C , and thc matrix 1, is skew-Hermitian so 

- 
D* rn - D. Therefore ,  C 'DC is skew-liemitian co that 

This proves that tho Fourier-collocation method is stable for 

6 . .  The results of this sxample can bo generalized to a 

general system of constant coefficient hyperbolic equations. 

Example 6 . 2 :  Variable-coefficient h erbolic equation with a"l periodic b o u n w o n  ~t ons 

Consider the system of equat icms 

with periodic boundary conditions u ( 0 , t )  = u(1,t) and periodic 

inhc,rr,oyenity: A ( s l  A(x+li for all x . Here ~ ( x )  i s  

n vector of  m ~ - i ~ r n ~ w n e n t s  and A ( x )  is 311 n\ u nI m a t r i x .  

I f  we nssumt* that A ( x )  i s  A synunt?trii- matt is nnd that 



/ f o r  some f i n i t e  n , t h e n  t h e  F o u r i e r - G a l e r k i n  method i s  

s t a b l e .  To show t h i s ,  w e  d e n o t e  by u  t h e  N - t e r m  F o u r i e r -  N 

G a l e r k i n  a p p r o x i m a t i o n  o f  u. Then u s i n g  i n t e g r a t i o n  by p a r t s  

w e  o b t a i n  

T h e r e f o r e ,  

which  p r o v e s  s t a b i l i t y .  

C o n d i t i o n  (6 .5 )  is n o t  s u f f i c i e n t  tc e n s u r e  s t a b i l i t y  f o r  

t h e  c o l l o c a t i o n  method. C o n s i d e r  t h e  s c a l a r  e q u a t i o n  ( m  = 1) 

I f  w e  impose t h e  a d d i t i o n 2 1  r e s t r i c t i o n  t h a t  r ( x )  i s  non-zero  

w i  . ? i n  0 - , x  - 1, t h e n  v.t: :an p r o v e  t h a t  t h e  c o l l o c a t i o n  

i s  s t a b l e .  We must show t h a t  ~ X ~ ( R C * D C ~ )  is  s t a b l e  w h e r e  C and 

D a1.e g i v e n  by (6 .3 )  and R is t h e  m a t r i x  w i t h  e n t r i e s  

R .  = x i  6 
1 J i j  

The m a t r i x  H-' c a n  b e  i d e n t i f i e d  a s  t h e  Liapounov m a t r i x  
l4 N 

invoked  i n  ( 5 . 7 )  a n d ,  t h e r e f o r e ,  t h e  method is  s t a b l e ;  



In  f a c t ,  f o l l o w i n g  t h e  proof of t h e  main r e r u l t  i n  S s c .  5, 

p a v i n g  s t a b i l i t y  for N + - . 
I f  r ( x )  ha@ a  zero w i t h i n  0 . ~ ~ 1 ,  c o l l o c a t i o n  w i t h  F o u r i e r  

series may l e a d  t o  i n s t a b i l i t y .  For  example,  i f  N - 2 ,  t h e  

e i g a n v a l u e s  of RC IXI a r e  0 .0 ,  ( + ) ( + ) where ri  - r ( x i ) ,  
0 2  1 3  

so t h e r e  a r e  qrowinq modes if ( r  +r,) ( r  + r  ) . 0.  I n  some cases, 0 1 3  

these modes may have l a r g e  growth ra tes .  One way 

to  l i m i t  t h e  growth r a t e  of these modes &# k m  -rite 

( 6 . 6 )  a s  

Now F o u r i e r - c o l l o c a t i o n  q i v e s  the matrix e q u a t i o n  



where  V b  1 = - r x  , The f i r s t  t w o  matriceson t h e  

right side add up t o  a skew-Hermit ian  matrix. I '  i f  (6.5! 

1 
h o l d s  for  r ( x )  t h e n  Q - . T h c r t . f o r e ,  c d  o h t a ,  t h e  

L 

ineq~ality 

Thus, we see i t  is p o s s i b l e  to  bound a p r io r i  the qrowth  of modes i n  t h e  - 
Y o u r i e r - c o l l o c a t  i o n  method f o r  v a r i a b l e  c o e f f i c i e n t  p r o b l e m s  w i t h  

p e r i o d i c  boundary  cond i t i o n s .  

On t h e  o t h e r  hand,  f o r  p rob lems  w i t h  n o n - p e r i o d i c  boundary  

c o n d i t i o n s ,  F o u r i e r - s p e c t r a l  methods  c a n  p r o d u c e  wrong s o l u t i o n s  

even when they  arc s t a b l e .  T h i s  is i l l u s t r a t e d  by  Example 1 . 3  

which we now s t u d y  more c a r e f u l l y .  

Example 6 . 3 :  ti e r b o l i c  e q u a t i o n  w i t h  n o n - p e r i o d i c  boundary  
c o n  -Y%- -- i t i o n s  

C o n s i d e r  t h e  p rob lem ( 1 . 7 )  : 



The s o l u t i o n  is 

If w e  a t t e m p t  to  solve ( 6 . 8 )  by F o u r i e r  s i n e  series u s i n g  t h e  

Ga le rk in  procedure  w e  o b t a i n  

m+n odd 

where en = 0 i f  n is even and en = 1 i f  n i s  odd. 

I t  i s  e a s y  t o  v e r i f y  t h a t  t h e  above approxim?" 1 is s t a b l e .  

I f  w e  w r i t e  (6 .10;  i~ t h e  fosm 

-* 

where a = (a  l , . . . ,  2 n + l  
a N ) ,  f = ( f l , . . . , f N ) ,  f n  =; [ ( - I )  + 2te,/v1, 

t h e n  

I n  F i g s .  6.1-6.4 w e  p l o t  t h e  s o l u t i o n  o f  (6.9-10) a t  

t - 1 f o r  N = 2 5 ,  50, 7 5 ,  100 . I t  is  a p p a r e n t  t h a t  u N ( x , l )  

does  n o t  converge  t o  t h e  e x a c t  s o l d t i o n  x t  a t  t = 1 a s  

N + . I ~ s t e a d ,  uN f o r  N even a p p e a r s  to  be converg ing  a s  



F i g .  6 A p l o t  of u ( x , c )  v s  x f o r  N.25 and t.1 where u ~ ( x ,  
determined by n w r i c a !  integrat ion of 16.9-10) w i th  neql iq i  
t ime-dlffersncing error.. A p l o t  of the exact oo lut ion  
xt  a t  .1 to (6.8)  18 a l m  given.  Obrerve the  apparent 
diverge..ce o f  uN(x, t )  f r o m  the  exact  aolut ion for Ocx-t  - and the enhancehl Gibbr phonomeaon a t  -0, n. 

t----t--t---t--+--+---t- x n 



Fig. 6 - 2 .  S - . &  &s Fig. 6 . 1  except N-50, t-1, 



F l g .  6.3. Same 48 Fig. 6 . 1 .  except N-75, t-1. 



F 6 . .  sama ar Fig. 6.1.  except N-100, t=l .  



N + t o  t h e  f u n c t i o n  

f o r  t c n, w h i l e  uN f o r  N odd a p p e a r s  to  converge  to  

t h e  f u n c t i o n  

x  t x > t  - - 
%dd 

- 
n ( t - x )  + x t  x < t  

f o r  t < r . The r e s u l t s  p l o t t e d  i n  Fig. 6 .5  f o r  u l O 0 ( x , t = 2 )  

are also c o n s i s t e n t  w i t h  convergence  t o  t h e  wrong s c l u t i o n  

( 6 . 1 1 ) .  Notice t h a t  t h e  approximat ions  % ( x ,  t) p l o t t e d  i n  

F i g s .  6.1-5 a l l  e x h i b i t  a  l a r g e  r e g i o n  o f  nonunifcrrn con- 

ve rgence  n e a r  x = 0 and x = n and t h a t  t h e  e r r o r s  i n  

t h e  i n t e r i o r  of t h e  i n t e r v a l  0 < x < rr d e c r e a s e w i t h  N 

roughly  l i k e  l/ fi . 
The o r i g i n  o f  t h e  d i v e r g e n c e  of (6.9-10) from t h e  e x a c t  

s o l u t i o n  t o  ( 6 . 8 )  i s  n o t  i n s t a b i l i t y ;  r a t h e r ,  t h e  d i v e r g e n c e  i s  

due t o  i n c o n s i s t e n c y .  S i n c e  11 exp (st) 1 1  = 1, t h e  method i s  

s t a b l e .  To show t h a t  it is n o t  c o n s i s t e n t  w e  e s t i m a t e  t h e  

t r u n c a t i o n  e r r o r  i n  t h e  L2 norm, 

-1 O R -  



Fig .  6 . 5 .  Sam 40 Fig .  6 . 1  except N-100, t - 2 .  Observe that  t h e  region 
of apparrli: divergence i o  still O ~ x i t .  



f o r  11 = x t  where LN = P LP N N 
and PN i s  t h e  Galerkin 

p r o j e c t i o n  operator and L = - a/ax . This  error  can be 

bounded from below by 

However, 1 1  (I-P~)L~~II + 0 ( l i k e  ~ / J N )  as N - - because 

t h i s  norm is  just.  t h e  error  i n  t k e  Fourier  s i n e  s e r i e s  ex- 

a pansion of Lu = - - x t  = t . Therefore,  i f  w e  can show ax 

t h a t  / I P ~ L ( I - P ~ )  u / (  does n o t  approach zero a s  N -+ m 

then (6 .9-10)  i s  not  c o n s i s t e n t .  

To e s t imate  1 1  PNL ( I - P ~ )  ull w e  proceed as follows. 

S i n c e  



QO 

(I-PN)u = 1 an (t) s i n  n x 
n=N+l 

w e  o b t a i n  

where 

W am!t) 

bn( t )  P-; m=i+l .- 

mtn odd n -m 

Therefore,  s i n c e  t h e  Fourier  c o e f f i c i e n t s  o f  u are qiven by 

a,(t) = 2 (-1) n+l 
t/n , 

m+n odd 

m+n odd 



for s u i t a b l e  c o n s t a n t s  C and C1. T h i s  comple t e s  t h e  proof 

t h a t  I I L U  - L ~ U I  I d o e s  n o t  approach  z e r o  as N + w .  

R l a i r  Swar tz  ( p r i v a t e  communication, 1976)  t r a c a s  t h e  

i n c o n s i s t e n c y  o f  (6.9-10) t o  t h e  i ncomple t enes s  o f  t h e  set 

o f  f u n c t i o n s  { L ( s i r . n x )  = - n c o s n x ,  n=1,2,  ... 1 .  T h i s  s e t o f  

f u n c t i o n s  i s  made complete  by augmenting t h e  s e t  Ly t h e  f u n c t i c n  1. 

Whereas u may b e  w e l l  approximated by a f u n c t i o n  uN o f  

t h e  form (6.91, Lu may n o t  be  w e l l  approximated by t h e  

f u n c t i o n  Lu 
N' 

I n  f a c t ,  i f  I I L U  - LuNI 1‘0 as N + , 

t h e n  

S i n c e  

Lu rray be w e l l  approximated by LuN o n l y  i f  

which i s  s e n e r a l l y  n o t  t r u e .  

A s  shown i n  F i g s .  6.1-5, u  ( x , t )  does  convergf; t o  x t  
N 

a s  N + . The a n a l y s i s  g i v e n  above p r o v i d e s  no c l u e  LO t h e  

f a s c i n a t i n g  way i n  which t h e  method a c h i e v e s  t h i s  d i v e r g e n c e .  

There  is  no i n d i c a t i o n  of t h e  'error'  w~:e  
N (-1) n f x - t )  t h a t  

a p p e a r s  i n  (6.11-12) and p ropaga te s  w i t h  speed  1 a c r o s s  

0  < x  a TT . I t  seems t h a t  t h e  comple te  n a t n e m a t i c a l  a n a l y s i s  

o f  t h e  d ive rqence  o f  (6.9-10) i s  d i f f i c u l t  anh w e  do n o t  now 
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have a  j u s t i f  l a t l e  argument to  demons t r a t e  convergence of  u  N 

Ueven and 
g i v e n  by (6.11-12) as N + - th rough 

even  ar?d c . 2  v a l u e s ,  r e s p e c t i v e l y .  

I n  t h e  n e x t  example we w i l l  show t h a t  it is n o t  s imply  

t h e  p re sence  of  boundary c o n d i t i o n s  b u t  r a t h e r  t h e  non-pe r iod ic  

n a t u r e  c f  t h e  problem t h a t  c a u s e s  t h e  d i v e r g e n c e  of  t h e  

Four i e r - spec  t ra l  methods. 

Fxample 6 .4  Non--riodic - boundary- f ree  problem - 

Consider  t h e  problem 

The problem i s  w e l l  posed w i t h o u t  s p e c i f y i n g  any boundary con- 

d i t i c n .  However, s i n c e  t h e  s o l u t i o n  i s  g iven  by 

it is c l e a r  t h a t  t h e  s o l u t i o n  is n o t  p e r i o d i c  i n  x . S i n c e  

TI r ( x )  = x - h a s  2 bounded d e r i v a t i v e ,  it f o l l o w s  from Example 

6 . 2  t h a t  Four i e r -Ga le rk in  approximat ion  t o  ( 6 . 1 3 )  i s  s t a b l e .  

Neve r the l e s s  it is n o t  converyent  a s  shown by t h e  r e s u l t s  - 
p l a t t e d  i n  F i g s .  6 .6-8  for  f ( x )  = s i n x  and N = 5 ,  1 0 ,  and 

f 

20 r e t a i n e d  termo i n  t h e  F o u r i e r  s i n e  series. 



Fig .  6 . 6 .  A p l o t  o f  u ( x  t )  and u ( x , t )  v s  x f a r  N=5,  
t - 0 . 5 .  Here u(x, t )  i n  the exac t  sbllution o f  ( 6 . 1 3 )  and u N ( x , t )  
i a t h e  Galerkin approx imt ion  to t h i s  a o l u t i o n  uring an N term 
Fourier r i n e  s e r i e a  axp.naion.  Observe t h e  apparent divergence  
o f  u N ( s f , t )  fxom u ( x , t . ) .  



Fig. 6 . 7 .  Sam a8 Fig. 6 .6 .  except N-10, t m . 5 .  





p o l y n o m i a l  S u b t r a c t i o n s  f o r  Won-Periodic Pi oblemm 

T h e r e  is a method t h a t  c a n  b e  uaed t o  e n s u r e  t h a t  F o u r i e r  

g e r i e ~  y i e l d  c o n v e r g e n t  r e s u l t s  f o r  n o n - p e r i o d i c  problems.  

The i d e a  is t o  e x p r e s s  t h e  ~ o l u t i a n  as t h e  sum o f  a low-order  

po lynomia l  and a F o u r i e r  series; t h e  p o l y n o m i a l  is c h o s e n  s o  

t h a t  t h e  F o u r i e r  series c o n v e r g e s  r a p i d l y  as s u g g e s t e d  o r i g i n a l l y  

by Lanceos  (1956,1966) , The method h a s  b e e n  u s e d  by O r s z a g  

(1971c)  and  Wengle & S e i n f e l d  (1977)  to  s o l v e  p rob lems  w l t r ~  

n o n - p e r i o d i c  boundary  c o n d i t i o n s .  W e  i l l u s t r a t e  i t  h e r e  

for  t h e  p r w -  \ i s c u s s e d  i n  Example 6.4. 

Example 6 .5  Po lynomia l  s u b t r a c t i o n s  a p p l i e d  to  F o u r i e r  series 

The F o u r i e r  s i n e  series e x p a n s i o n  o f  t h e  e x a c t  s o l u t i o n  

u ( x , t )  to  ( 6 . 1 3 )  c o n v e r g e s  s l o w l y  b e c a u s e ,  i n  g e n e r a l ,  

u ( 0 , t )  # 0 and  u ( n , t )  # 0 .  T h i s  s low c n n v e r g e n c e o f  

t h e  F o u r i e r  series o f  the e x a c t  s o l u t i o n  i m p l i e s  t h a t  G a l e r k i n  

a p p r o x i m a t i o n  i s  i n c o n s i s t e n t ,  as shown u s i n g  t h e  n e t h o d s  

of Example 6 .3 .  I n  o r d e r  t o  a v o i d  slow c o n v e r g e n c t  or  e v e n  

d i v e r g e n c e ,  w e  p r o c e e d  as f o l l o w s ,  

We s e e k  t h e  s o l u t i o n  t o  ( 6 . 1 3 )  a s  t h e  sum o f  a l i n e a r  

po lynomia l  and a F o u r i e r  series: 

where  b ( t )  and c (t) a r e  c h o s e n  t o  ensurt :  t h a t  a n  (t) 0 

r a p i d l y  a s  n  + - . S u b s t i t u t i n g  ( 6 . 1 5 )  i n t o  ( 6 . 1 3 )  g i v e s  



where 

3 are  t h r  Fourier s i n e  coeff i c i r n t s  of ( - x) E a s i r .  nx n 

~f we knew u ( O , t j  atrd u(" i) we c o u l d  s j t  b ( t . 1 - u ( i l , t ) / ~  and 

c (t) = u ( 0 ,  t )  ,.'n; with this choice, t h e  Fourier 3ine series in 
3 

( 6 . 1 5 )  does n o t  e x h i b i t  t h e  Gibbs phenomenon and a n ( t ) = ( r ( l / n  ) 

a s  n *,-,. However, t h e  boundary c o n d i t j o n s  on  u are n o t  known 

a s  part of t h e  s ~ e c i f  i c a t  i o n s  s f  t h e  problem (6.1 3 )  . Therefore, 

we m u s t  s o l v e  for b ( t )  and c ( t )  d i r e c t l y  from t h e  d i f f e r e 3 t i a l  

equa t i o n .  

Equatins c o e f f i c i e n t s  of s i n  nx i n  ( 6 . 1 6 )  g i v e s  

cia 
n  - --. - 

d t  

where  t. = 1 i f  11 is  odd ,  0 i f  ;I  is e v e n ;  here v e  u s e  t h e  
I1 

Fourier S I ~ C  st-t-it-s t -xpa, ls i~?*l  of i and x: 



1 
OD 

s i n  nx 
1 L n 

R'Jdd 

3 Aiso, i f  b ( t )  and c (t) are  chosen so t h a t  a,=O ( l / n  ) 

as n-cw, then the Fourier series la s i n  nx may be  d i f f e r e n t i a t e d  n 
termwirve so 

Therefore, 

n m 
TI l i m  [ a, sin nx - 2 I- n an, 

x+O+ n=l n = ~  

U s i n g  tl.?ee r e s u l t s  and setting x =n and x - 0 i n  (6.16) 

g i v e s .  r e s p e c t i v e l y ,  



tialrark~n ayyruxl.n~ciL~olr L~.'PLUUULUL' L,luu, &. ..- . . . 

'n = 0 for n = N+l, N + 2 ,  ... 
The above derivation suggests, but does not prove, thtit 

an(t) - 0 sufficiently rapidly as n + - that inconsistency 

pr2blems are avoided. The exact solution of (6.13) , which 

satisfies (6.18-20) with N = - ,  does satisfy a = 0(1/n3) n 

as n . However, the Galerkin approximation with finiz- N 

doer not yield such a rapidly converging result. In fact, 

estimates like those given in Example 6.3 show that 

11 where v satisfies v ( 0 , t )  = v(lr,t) = 0 and L = ( - - -  
a 

2 XI&- 

Since the Galerkin approximation (6.18) is stable (see Example 

6 . 6 1 ,  we expect that the errors in the Galerkin approximation 

(6.18-20) are of order N - ~ / ~  for fixed t. 

The above prediction has been tested numerically. In 

Table 6.1 we list for various N the maximum errors in the 

approximation obtained by solving (6.18-20) . A plot of the 

error uN(x,t) - u(x,t) vs x for N = 30, 40 at t = . S  is 

given in Fig. 6.9 - 10 . 
In the next oxample, we prow, that the method of 

polynomial subtraction used in Example 6.5 is stable. 

Example 6.6. Proof of stability for polynomial subtractions 

It is not obvious that the approximation (6.18-20) is 

stable. Fourier series approximation without polynomial subtractions 

are stable but not consistent (see Example 6.4). On the other hand, 



Table 6.1 

Table 6.1. Errors In the polynomial-subtracted Fourier 

series approximation \ k ( x , t )  given by (6.22) and 

(6.18-20) for the problem (6.13) with f (x) = s x n  x 

for t - . 5 .  Observe that the errors appear to decrease as 

N -3'2 a* N 4 in agreement with the estimate (6.21) . 





rig. 6.10. S a m  68 Fig. 6.9.  except N-40. r=.5. 



t h e  approximations obkained by polynomial s u b t r a c t i o n s  are c o n s i s t e n t  

a s  shown by ( 6 . 2 1 ) , b u t  t h e i r  s t a b i l i t y  remains t o  be shown. 

To demcnst ra te  s t a b i l i t y  o f  (6.18-20). w e  r e f o r m u l a t e  

t h e s e  equat ior is  i n  terns o f  uN(x . t )  d e f i n e d  by 

I n  t e r m s  of u N ( x , t ) ,  (6.18) is  e q ~ i v a l e n t  t o  

whi i e  (6.19-20) become, r e s p e c t i v e l y ,  

2 Mult ip ly ing  (6.23) by n an t  s w i n g  from n = 1 t o  n = N, and 

no t ing  t h a t  

a 2 u ,  N --- = - 
2 1 n2 a s i n n x  . 

ax n=O n 



w e  o b t a i n  

I n t e g r a t i n g  ( 6 . 2 6 )  o n c e  by p a r t s  and u s i n g  ( 6 . 2 4 - 2 5 ) ,  w e  o b t a i n  

T h e r e f o r e ,  

I n t e g r a t i n g  t h e  second i n t e g r a l  o n  t h e  r i g h t  o n c e  by p a r t s  g l v e s  

so t h a t  

Thus, we o b t a i n  the s t a b i l i t y  e s t i m a t e  



The bound (6.27) shows t h e  s t a b i l i t y  of (6.18-20). 

Examples 6.5-6 sugges t  t h a t  by s u b t r a c t i n g  polynomials o f  

h igher  and higher  degree  from a ( x , t ) ,  t h e  r e s i d l ~ a l  F o u r i e r  

series can be made t o  converge f a s t e r  and f a s t e r .  S u b t r a c t i n g  

a l i n e a r  p l y n o m i a l  as i n  (6.15) g i v e s  F a u r i e r  approximations 

wi th  e r r o r s  of o r d e r  N -3'2 a s  N ; s u b t l a c t i n g  a q u a d r a t i c  

~ ' y n o m i a l  g i v e s  F o u r i e r  approximations w i t h  errors of o r d e r  

N-''~; and so on. I n  t h e  l i m i t  we d i s p e r s e  e n t i r e l y  wi th  

Four ie r  series and o b t a i n  a r a p i d l y  converging polynomial 

approximation. The convergence theory  o f  t h e s e  pcalynomial 

s p e z t r a l  approximations is d i scussed  i n  t k s  naxk t w o  s e c t i o n s .  



7. Appl ica t ions  o f  Algebra ic -S tab i l i ty  Analys is  

The main r e s u l t  of  Sec. 5 does n o t  provide  us w i t h  a 

sys temat ic  way o f  c o ~ s t r u c t i n g  t h e  family HN o f  Liapounov 

m a t r i c e s  necessary t o  prove a l g e b r a i c  s t a b i l i t y .  I n  g e n e r a l ,  

t h e s e  m a t r i c e s  a r e  d i f f i c u l t  t o  f i n d .  However, t h e r e  a r e  

s e v e r a l  problems f o r  which they can b e  found d i r e c t l y  from 

t h e  d i f f e r e n t i a l  equat ion ,  

I t  i s  very easy  t o  c o n s t r u c t  Liapounov m a t r i c e s  f o r  Galer- 

k i n  approximations t o  

where L is  a semi-bounded o p e r a t o r  on the H i l b e r t  space  6. 
W e  s a y  t h a t  L is  semi-bounded i f  

for some c o n s t a n t  , where L* is t h e  a d j s i n t  o f  L d e f i n e d  

w i t h  r e s p e c t  t o  t h e  H i l b e r t  space  i n n e r  product  ( , 1 .  If L 

is semi-bounded 



and t h e  ' energy '  ( u ( t )  , u ( t )  grows a t  moat e x p o n e n t i a l l y  w i t h  

I t *  

I f  a n  energy  e s t i m a t e  of t h e  form (7 .2 )  e x i s t s ,  t h e n  G a l e r k i n  

a p p r o x i m . t i o n  based  on t h e  Hilbert s p a c e  i n n e r  p roduc t  ( , ) is 

atable (and, hence,  a l g e b r a i c a l l y  s table).  The Liapounov 

m a t r i x  HN may be chosen  t o  b e  t h e  N x 14 i d e n t i t y  m a t r i x  

IN. I n  f a c t ,  it f o l l o v s  from . . .. t h e  G a l e r k i n  e q u a t i o n s  (2 .6-7)  t h a t ,  

i f  f  % 0 ,  t h e n  

Thus, 

s i n c e  u N ( t )  = e x p ( L N t ) u N ( 0 )  f o r  a l l  u N ( 0 ) ,  it f o l l o w s  t h a t  

Ilexp ( L N t )  11 5 exp  ( # a t )  s o  q t a b i l i t y  is proved.   he r e a d e r  is 

reminded t h a t  w i t h  s t a b i l i t y  e s t a b l i s h e d ,  t h e  t h e o r y  o f  s e c t i o n s  

4 and 5 proves  convergence f o r  , c o n s i s t e n t  - - schemes. 

I Example 7.1: Semi-bounded G a l e r k i n  ap~ra&ptions 

The above c o n s t r u c t i o n  e ~ t a b l i s h e s  s t a b i l i t y  and t h u s  con- 

vergence f o r  a  wide v a r i e t y  cf  Ga le rk in  approximat ions .  Among 

t h e s e  s t a b l e  Ga le rk in  approximat ions  a r e :  

(i) S o l u t i o n  o f  any pro5lem ut = Lu t h a t  i s  semi-bouneed 

i n  L - 1 1  by means o f  i e g e n d r e  series. For example,  

ut + = f ( x , t )  w i t h  u ( - 1 , t )  = 0 is s t a b l e  (and conve rgen t )  



when so lved  by Legendre-Galerkin approximation. For o u r  argument 

t o  be complete it is  necessary  t o  v e r i f y  t h a t  t h e  Legendre- 

Ga le rk in  approximation t o  t h i s  problem is c o n s i s t e n t .  Th i s  is  

done as fo l lows.  

We write 

The f i r s t  term on  t h e  r i g h t  goes t o  ze ro  as N + =  a t  a r a t e  

governed s o l e l y  by t h e  smoothness of  Lu ; it measures t h e  

e r r o r  i n  t h e  N term Legendre-Galerkin expansic.1 of LU . 
Th, 3econd term i s  es t ima ted  a s  f o l l o w s .  S e t  

where I$,} a r e  normalized Legendre polynomials.  I f  L is 

a f i n i t e - o r d e r  d i f f e r e n t i a l  o p e r a t o r  s o  L* i s  a l s o  a f i n i t e -  

o r d e r  d i f f e r e n t i a l  o p e r a t o r  ( f o r  example, L*=a/ax.if ~ = - a / a ~ ) ,  

Thus, 

where A depends only on L (A = 3/2 i f  L = -a/ax and pn is a 

normalized Leqendre polynomial) and B depends only on the 

smoothness of u (B is  a r b i t r a r y  i f  u i s  i n f i n i t e l y  d i f f e r e n t i a b l e ) .  

Thus, 



f a s t e r  than  any power of 1 / N  if u and a l l  i ts  d e r i v a t i v e s  

are smooth. This  proves cons is tency.  This  kind of proof 

extends  t o  a  wide v a r i e t y  of t h e  examples to be d i scussed  i n  

S e c t s .  7 and 8, b u t  will not be repeatad. 

( i i )  SolutFon of  ut = xux with t h e  boundary c o n d i t i o n s  

u(k1 , t )  = 0 i s  a  well posed problem i n  the Chebyshev inner 

product  
1 

u ( x ) v  X )  (u,") = j dx . 
-1 ( 1 - X S *  

I n  f a c t ,  i f  L = x a/ax , and u  is d i f f e r e n t i a b l e  and 

s a t h i  ies  u(*P\  = 0 then, by i n t e g r a t i o n  by partr, 

Thur, Ga le rk in  approximation t o  t h e  problem is stable us ing 

Chebyshev polynomials. 

(iii) Solut-ion of u  + ux t = 0 (0  < x  < m) with - 
u ( 0 , t )  - 0 is a well posed problem i n  t h e  Laguerre i n n e r  

product  



I n  f a c t ,  i f  u ( 0 ,  t )  = 0  then ,  by i n t e g r a t i n g  by parts, 

S i m i l a r l y ,  t h e  problem u = u  t XX 
(0  < x < -1 w i t h  u ( 0 ,  t )  = 0  - 

is a l s o  s t a b l e  i n  the  Laguer re  norm. 

( i v )  S o l u t i o n  of  ut  = -xux (-m < x  < a) is w e l l  

posed i n  t h e  Hermite i n n e r  p r o d u c t  

I n  fact, 

s o  t h a t  i n t e g r a t i o n  by parts g i v e s  

where w e  assume Chat u << J x  exp ($ x 2 )  a s  ( x l  -+ . 
(v )  Tho h e a t  e q u a t i o n  ut = uxx w i t h  u ( k 1 , t )  = 0 i s  semi- 

bounded i n  t h e  Chehyshev norm. In f a c t ,  i f  u  is d i f f e r e n t i a b l e  

f o r  1x1 c 1 t h e n  - 



The f i r s t  term vanishes because u i s  a p o l y n r ~ i a l  i n  x and 

therefore ~ ( 2 1 ;  = O  i lhplies  

The in tegra l  term on t h e  r i g h t  i s  

and therefore  



I n  t h e  next  two examples we g e n e r a l i z e  t h e  p r o ~ f s  of  

s t a b i l i t y  and convergence for Gale rk in  a 2 p r o x i m ~ t i o n s  g iven i n  Examp1.e 

7.1 t o  show t h e  s t a : . l l i ty  and cocvergence of t a u  approximationu, 

Example 7 .2 :  Semi-bounded t a u  approximations 

(i) Cobsider t h e  equa t ion  

wi th  

I t  was shown i n  Example 7.l(ii) t h a t  if L= xa/ax, then  

L + L * < O  - 
i n  t h e  Chebyshev inner  product .  I f  w e  seek  t h e  s o l u t i o n  as t h e  

t runca ted  Chebyshev series 

by t h e  t a u  method, then  uN s a t i s f i e s  e x a c t l y  t h e  equat ion  

Tquating c o e f f i c i e n t s  of xN and x N-.' on both s i d e s  of 

( 7 . 4 ! ,  we o b t a i n  



since = 2n'1xn - n2 n-3xn4 + ... 
Tn . Therefore, 

so that 

Since 

the above inequality is equivalent to 

This proves stability: cN and aN-l are bounded because they 

are determined in terms of aol all... laN-2 by the boundary 

conditions u(al,t) = 0. 

For this example, we can prove stability directly from the 

matrix representation of 45. In fact, 



P e v e n  
I n  the tau ;tpprosilnz.tior., thc  boundary c o n d i t i o n s  u ( ~ l ,  t) = 0 

that the last two rows of the m t r i s  LN be rcplaccd by 

I f  t h e  boundary c o n d i t i o n s  (7 .7b ,c )  a r e  not  applied thcn 

the s p e c t r a l  approximation i s uns tc lb lp :  without the lmundnry conditions 

has the eisenvalue N [with the ciqcnvcctor a N 
L~ N-Zk=(k) ' 

L,. t 
L* 

Ile 1 1  2 F  
N t 

a p p l i e d ,  l e t  us f i r s t  consjdcr a n  odd solutioll i n  which a = 0 
I1 

if n 'is even. If we assumc! t h a t  N = 2Mi-1 and s c t  

then tha s y s t c n t  rcduccs to 



then S(D+Df)S* i s  a d i a g o n a l  m a t r i h  w i t h  e n t r i e s  

(-4, -4, ..., -4 ,  -4N - 1 2 ) .  Thds,  w e  o b t a i n  9 + D* c 0 ,  - 
SO that a ( a , a ) / a t < o  - which  p r o v e s  s t a b i l i t y .  

Example 7.3. -- S t a b i l  i t y  o f  t a u  methods a p p l i e d  to  degree- reduc inc j  

semi-bounded c q u a t  i o n s  -- 
An argument  s i m i l a r  t o  t h a t  g i v e n  i n  Example 7 . 2  d e m o n s t r a t e s  

s t a b i l i t y  o f  t a u  methods i n  terms o f  a r b i t r a r y  o r t h o n o r m a l  po lynumia l  

b a s e s  f o r  e q u a t i o n s  - - - LU where L is semi-bounded and d e g r e e  
at 

r e d u c i n g :  L i s  s a i d  t o  b e  d e g r e e  r e d u c i n g  i f  f o r  any  polynomia l  

PN o f  degree N, LP i s  a  po lynomia l  of d e g r e e  a t  m o s t  N - k N 

where  k i s  t h e  nunber  o f  boundary c o n d i t i o n s  t h a t  a r e  a p p l i e d .  

I f  L i s  d e g r e e  r e d u c i n g ,  e q u a t i n g  coefficients of  x N-k+2 
, . . . I  X 

N 

i n  
t 

i m p l i e s  t h a t  r ,( t)  = a;l!t) f o r  n  = N-k+l, . . . ,N; h e r e  

and  the o r t h o n o r m a l  e x p c n s i ~ n  polynomia l  J1 n ( x )  i s  assurrtcd o f  d e g r e e  n .  

T h e r e f o r e ,  

so t h a t  



which proves rtability ainco aN-k+l ,...,aN are determind  by 

the boundary conditions in termo of ao,al,...,aN-k , 

Example 7.3: More - atable - tau approximations 

( i )  Suppose that 

is solved by tau approximation dsing Legendre polynomials. 

The N~~ degree Legendre polynomial uN satisfies 

so t h a t  

which proves stability. 

(ii) Suppose that 

is solved by the tau method using Chebyshev polynomials, Since ,. 
a' is degree decreasing and L + L* 0 (see Example L = .T 

ax 
7=L(v)), the method is stable. 

(iii) The solution of 



by L a g u e r r e  po lynomia ls  is s t a b l e  u s i n g  t h e  t a u  method s i n c e ,  

by Example 7 .1  (iii),  L is  semi-bounded. The e a u a t i o n s  o f  

t h e  Lague r r e - t au  approximat ion  t o  (7 .8 )  are a  s i m p l e  m o d i f i c a t i o n  

of (2.23-24).  10 Fig .  7 .1  w e  compare t h i s  t a u  app rox ima t ion  

w i t h  t h e  exact s o l u t i o n  o f  (7 .8 )  a t  t = 30 f o r  a 20-term 

L a g u e r r e  ?xpansion.  The r e a d e r  shou ld  compare t h i s  approximate  

r e s u l t  o b t a i n e d  by t h e  t a u  methoc! w i t h  t h e  b e s t  Lague r r e  app rox i -  

ma t ion  t o  s i n  x p l o t t e d  i n  F i g .  3.12. 

I n  t h e  n e x t  example w e  d i 5 - u s s  some ways to  f i n d  n o n - t r i v i a l  

L i a p u n o v  m a t r i c e s  iHNI when L is n o t  semi-bounc'ed. 

Examle 7.4:  PoLyn~raial approxj.matianw to  a varirhle c o e f f i c i e n t  -- - 
h y p e r b o l i c  e q u a t i o n  - 

Cons ider  t h e  i n i t i a l - v a l u e  problem 

which is dell posed w i t h o u t  r e q u i r i n g  any boundary c o n d i t i o v s .  

The e x a c t  s o l u t i o n d o  t h i s  problem i s  
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so t h a t  u (x ,  t)  approaches a c o n s t a n t  a s  t-: 

The problem i6 wel l -pond i n  the senee t h a t  I 1 exp(Lt )  1 1 
i s  f i n i t e  f o r  f i n i t e  t, where L= - xa/ax and 1 1  is 

t h e  usua l  L2 norm. However, 1 1 exp ( L t )  I I= exp (i t) f o r  

any t becaus t  t h e  f u n c t i o n  t h a t  ext remizes  I I ~ ( t )  1 1 s u b j e c t  

t o  l l u ( 0 ) 1 1 =  1 s a t i s f i e s  u(x,O)= g t tx )  where 

Therefore,  I 1 e x p ( l t )  1 1 grows e x p o n e n t i a l l y  a s  t-. 

The o p e r a t o r  L i s  semibounded i n  t h e  usua l  L2 norm: 

< 1 u2 dx. 

so  L + L* < I. Therefore ,  Galerkin  polynomial s o l u t i o n  o f  

( 7 . 9 )  is  s t a b l e  and convergent .  The Legendre polynomial approx- 

imation uN (x, t l  s a t i s f i e s  



exac t ly  because no boundary condi t ions  a r e  appl ied  and L i s  

degree preserving. Therefore, Galerkin,  t a u ,  and co l loca t ion  

approximations t o  (7.9) are i d e n t i c a l  and a l l  t h r e e  methods 

a r e  s t a b l e .  

I n  f a c t ,  a l l  polynomial-spectral methods appl ied t o  

(7.9) s a t i s f y  (7 -10) ; a l l  polynomial methods f o r  t h i s  problem 

g ive  i d e n t i c a l  r e s u l t s  and, t he re fo re ,  they a r e  a l l  s t a b l e  i n  

the usual  L2 norm. In  terms of t h e  n a t u r a l  norms f o r  a general  

polynomial bas i s  ($,I, i . e .  t h a t  norm i n  which ) =5 
I i j '  

t h e  s p e c t r a l  approximation (7.10) is a l g e b r a i c a l l y  s t a b l e  i f  

t h e  N x N matrix whose elements a r e  

has a condi t ion  numbcx which is bounded a l g e b r a i c a l l y ,  i .e. ,  

-1 0 I I  HNI I I IHN I I = 0 (N (N+m). 

A s  an example of  t h e  complicated behavior of s p e c t r a l  

approximations f o r  t h i s  problem i n  norms d i f f e r e n t  from t h e  usual 

L2 norm, l e t  us consider t h e  Chebyshev-L2 norm. I t  may e a s i l y  

be shown t h a t  L + L* i s  not  semibounded i n  t h e  Chebyshev inner  

product.  For example, consider  t h e  t r i a l  funct ion 



then  

Never the less ,  Chebyshev approximation to  t h i s  problem i s  

a l g e b r a i c a l l y  s t a b l e .  T h i s  f a c t  may be e x p l i c i t l y  demonstrated 

by c o n s t r u c t i o n  of  a Liapounov matr ix .  

A Liapounov mat r ix  fox  the Chebyshev approximation to (7.9) 

may b e  found by d i r e c t  examination o f  t h e  e v o l u t i o n  equa t ion  f o r  
-+ 

t h e  v e c t o r  a - N - ' ( a o t  .. . , G  1:  
N 

- 
p=n+2 
p+n even 

Since  a. dacouples fron, al1. . . ,aN i n  (7 -11) , we can r e s t r i c t  

a t t e n t i o n  t o  a l p . . . ,  aN. Suppose w e  d e f i n e  { H ~ )  by 



Then 

t h e  matrix d i s p l a y e d  above has  r ank  d and  t h e  nonzero e i g e n v a l u e s  

are - [ N / 2 ] ,  - [ ( N + 1 ) / 2 ] .  There fo re ,  by t h e  t h e o r y  o f  Sec. 5, 

where 11 1 is  now t h e  Chebyshev norm. Thus, LN is 
* 

a l g e b r a i c a l l y  stable i n  t l  r Chebyshev norm even thoagh LN + LN 

is unbounded i n  t h i s  norm. 

The q u a l i t a t i v e  behav io r  of ( l e x p ( ~ ~ t i  1 1  as a f u n c t i o n  

o f  N and t i s  as fo l lows .  For f i x e d  t and N-, 

I l d x p ( ~ ~ ~ t )  ( 1 a 0 ( N  ' 1  ; t h i s  r e s u l t  is justified h r u r i s t i c a l l y  

by f o l l o w i n g  t h e  argument g iven  i n  Sec. 5 t h a t  led t o  ( 5 . 4 ) .  

On t h e  o t h e r  hand i f  t ? En I, I I eupLLNt) 1 I - 0 ( N 1 I 2 )  as  N+-. 

A h e u r i s t i c  j u s t i f i c a t i o n  of t h i s  r e s u l t  is as f o l l o w s .  L e t  

u ( x , O )  = 1 f o r  ~ X ~ L E ~  0 Zor 1 x 1 ~ ~ .  Then t h e  e x a c t  s o l u t i o n  
2 

o f  ( 7 . 9 )  for t > t n  1 / c  is u ( x , t )  91 1 r o r  ~ x l < l ,  - so I I u ( x , t )  1 1  .L n 

a s  E-*@ f o r  t l R n  l / t - .  A s  i n  Sec,  5, we conc lude  t h a t  

I Iexp(lNt) I I= 0 (N f o r  t ; t n N as N-. (Even i n  t h e  usua l  

L., norm, I ( *up ( L N t l  ( ( = 0 ( N ~ " )  when t . LnN, which mimics t h e  
6. 

unbounded growth o f  I ( exp  (Lt) 1 I a s  t - .) 



8 .  - Cons tan t  C o e f f i c i e n t  Yyperbol ic  Equa t ions  

I n  t h i s  S e c t i o n ,  W e  d i s c u s s  t h e  s t a b i l i t y  o f  s p e c t r a l  methods 

- f o r  t h e  problem 

w i t h  t h e  i n i t i a l  c o n d i t i o n  

u (x ,O)  = f i x )  ( ( x l  - < 1) 

and t h e  boundary c o q d i t i o n  

u ( - 1 , t )  = 0 ( t  > 0 )  . ( 8 . 3 )  

The results f o r  t h i s  problem c a n . b e  extended t o  a  g e n e r a l  

h y p e r b o l i c  system o f  t h e  form 

wi th  c h a r a c t e c i s t i c  boundary c o n d i t i o n s ,  because  f o r  any h y p e r b o l i c  

system A can  b e  d i a g o n a l i z e d  by a  . r e a l  s i m i l a r i t y  t r a n f o r m a t i o n .  

The o p e r a t o r  L - - a i s  semi-bounded i n  t h e  usual ax 
L - ,  1) norm when o p e r a t i n g  on t h e  subspace  of  f u n c t i o n s  v t h a t  

s a t i s f y  t h e  boundary c o n d i t i e -  v ( - 1 , t )  = 0. I n  f a c t  



and t h e r e f o r ?  Galerkin and t a u  methods are stable us ing  

Legendre paly.~Pai.l8.  

However, L is  n o t  semi-bounded i n  t h e  Chebyahav nor . To 

show t h i s ,  w e  set  

s o  t h a t  v(-1.1 = 0 . I n  t h i s  c a s e ,  us ing  t h e  r e s u l t  

we o b t a i n  

The f a c t  L + L* i s  not  semi-bounded is  c o n s i s t e n t  wi th  t h e  :act 

t h a t  exp(Lt )  is not  a bounded o p e r a t o r  f o r  t i 2  i n  t h e  Chebyshev 

norm (see Sec. 5 ) .  However, t h e s e  r e s u l t s  do ~ o t  prove t h a t  

Chebyshev-spectral approximation t o  (8.1-3) js not converaent .  

I n  f a c t ,  w e  s h a l l  show t h a t ,  whi le  Chebyshev-spectral approximation 

t o  (8.1-3) is  not  s t a b l e  i n  t h e  Chebyshev L2 norm, it i s  a l g e b r a i c a l l y  

s t a b l e  i n  t h i s  norm. 



I n  order to i n v e s t i g a t e  a l g e b r a i c  s t a b i l i t y ,  we m u s t  s C a d y  more 

c a r e f u l l y  t h c  behaviol  o f  t h e  :hebyshev c o e f f i c i e n t s  o f  t h e  

approximate s o l t t i o n  

The d i f f e r e n t i a l  equat ions  for t h e  a n ' s  a r e  g ivc  by (?.11) 

f o r  Galerkin  approx:.ttation, (2 .19)  f o r  t h e  t a u  method, anc? 

(2.32) f o r  t h e  c o l l o c a t i o n  method. As remarked i n  Sec.  2 ,  a l l  

these equat ions  may be  w r i t t e n  i n  t h e  v e c t o r  form 

+ 
where a = (ao ,a l , .  . . aN)  and L . ~  i s  an (N+1) u (N+l) matrix. 

Numerical Evidence f o r  Algebra ic  S t a b i l i t ~  - -- 
Let  u s  f i r s t  examine t h e  behavior  of LN + L N *  I n  Table 8.1 

w e  l is t  t h e  l a r g e s t  e igenvalue  o f  LN + LN* f o r  N= ' 3 ,20, .  . . , l o 0  

f o r  t h e  t h r e e  Chebyshev methods. This tab12 i n d i c a t e s  t h a t  t h e  

2 l a r g e s t  p o s i t i v e  eigenval  rie of LN + LN* grows l i l  . CN f a r  snme 

c o n s t a n t  C . I f  L N  were a normal. matr ix  t h i s  would imply 
1 ?  

t h a t  1 1  eLNtll behaves l i k e  e x p ( r  C N " ~ )  . Sowever, t h e  mat r i ces  

LN a r e  n o t  normal and t h e r e f o r e  t h e  l a r g e  e igenvalues  of LN + L ~ *  

do not imply i n s t a b i l i t y  . 



T a b l e  0 . 1  

> Callocat ion Ir- , Tac  I G a l e r k i n  
1 
4 

* 
Tcble 8.1. The larqest positive ciqenvalue A m a x  of LN + LN 
for the Chebyshev-spectral solution of the one-dimensional wave 

eqcation (8.1-3). The Galerkin approximation to this problem is 

given by the solution to (2.11) , the tau approxixakion is y iven 

by (2.191, and the collocation approximation is given by (2.32) . 
Observe that A m a x  * cNZ as N * - where c C 0.75 for the 

Celerkin and collocation methods and c $ 0.21 for the tau 

met hod. 



I n  Tab le  8.2, w e  g i v e  t h e  lrorms of  t h e  m a t r i c e s  
* 

a x p l ~ ~ l  expjLN 1 f a r  t h e  t h r e e  p r o j e c t i c n  methods ( C a l e r k i n ,  

c o l l o c a t i o n ,  and t a u )  . The r e a u l t s  l n d i c a t e  t h a t  ( l e x p ( ~ ~ )  I I grows 

o n l y  l i k e  N 1 I 4  a, N +a* ( a s  a rgued  h e u r i ~ t i c a l l y  i n  Sec .5 ) .  I n  o t h e r  

shows t h e  ex t r emepess imi sm 

m2) ) 1 c r u d e  energy  0 ( o x p ( 2  

s t a b l e  ( a t  least f o r  t-1). Thia  r e s u l t  

of t h e  energy  e e t i m a t e  l l e x p ( ~ ~ ) I I =  

methods may be very m i s l e a d i n g  f o r  non- 

normal e v a l u t i o n  o p e r a t o r s .  

I n  o r d e r  to unders tand  better how t h e  Chebyshev s p e c t r a l  
7 

methods &void  a n  energy  ' c a t a s t r o p h e '  \ energy  growth l i k e  exp (N6 t )  I 

w e  have s o l v e d  t h e  t a u  e q u a t i o n s  ( 2  .l9) n u m e r i c a l l y  with a ve ry  

' bad '  i n i t i a l  c o n d i t i o n :  

For  t h e  tau method, t h i s  i n i t i a l  c o n d i t i o n  s a t i s f i e s  

In F i g s .  8.1-2 w e  p l o t  t h e  energy  ( ~ ~ 1  uN) VS t for N - 2 5  

and N = 3 0 .  I t  is a p p a r e n t  t h a t  t h e  i n i t i a l  s l o p e  of t h e  energy  

growth isi o f  o r d e r  N 2  brlr t h a t  t h e  e iwrgy d o e s  n o t  m a i n t a i n  t h i s  

r a p i d  r a t e  of yrowth.  Observe that t h e  r e q i o n  of r a p i d  growth 

is closer to t = 0 f o r  N = SO thar,  for N = 2 5 .  T h e  behav io r  

obse rved  !n p i g s .  8.1-2 is  not. i n c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  

U N ( t  - 0) is a  'bad' eigenmode of LN + L *. Because N LN is 



Table 8.2 

N j ~ollocation I Tau 1 Salerkin 

! 
2. OOO? 

i 2.8119 
4 

I 3.4857 

4.0514 I 
I 4.5339 
i 

4.9855 / 5.4002 

i 5.7770 
I 
i 6.1401 

Table 8.2. The .nrgest eigenvalue 
Amax of exp(s)exp ( < I .  

Observe that amclx behaves as cN 'I2 as  N + - where 
c + 0.6 for all three spectral methods. The 

* 
largest eigenvaluo of exp (LN) exp (IN) grows only like 
d l 2  despite the existence of riganvalues of LN + Li 
growing like N~ (eee Table 8.1) . 
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nor,-narnlal t h e  'bad' i n i t i a l  c o n d i t i o n  is  n a t  an  eigenmode o f  

L~ 
so t h a t  a f t e r  e v o l b t i o n  from 0 to  t r x p ( L N t )  , uN ' rotates '  

o u t  of t h e  r e g i o n  o f  bad modes o f L  + LN*. 
N 

The d i r e c t  compiltation o f  e x p [ L N t ]  f o i  t=l is  n o t  encugh t o  

v e r i f y  a l g e b r a i c  s t a b i l i t y  because  t h e  t h e o r y  o f  Sec. 5 shows 

t h a t  w e  must s tudy  t h e  behav io r  o f  e x p [ L N t ]  f o r  a comple te  

t i m e  i n t e r v a l  0 - t - c T . T h i s  may be done us ing  t h e  method 

sugges t ed  i n  Sec. 5 for t h e  numer ica l  v e r i f i c a t i o n  of a l g e b r a i c  

s t a b i l i t y .  F i r s t ,  i n  Tab le  8 .3  w e  l i s t  t h e  numer i ca l ly  computed 

e i g e n v a l u e s  of L N  . Observe t h a t  a l l  t h e  e i g e n v a l u e s  of L N have 

n e g a t i v e  real p a r t .  (Th i s  r e s u l t  w i l l ,  b e  shown r i q o r o u s l y  l a t e r . )  

Theref ore, + O  as t+w f o r  f i x e d  W .  Thus 

t h e  Chebyshev approximat ions  a r e  a s y m p t o t i c a l l y  s t a b l e  i n  t h e  

s e n s e  t h a t  they remain hounded as t*- with N f i x e d .  

I n  Bigs .  8.3-5.  w e  p l o t  t h e  Ll-matrix norm o f  e x p ( L N t )  

vs t f o r  N=5,15,25. Observe that 3s t.4~3 f o r  f i x e d  N ,  

I l e x p ( l N t )  1 i l  apprcaches  z e r o  w h i l e  it grows s lowly  ( l i k e  N 
1/ 2) 

as N- 201- f i x e d  t < 2  (Note t h a t  growth o f  1 l e x p ( l N t )  1 1 ,  - 
l i k e  N 'I2 as N+- i s  n c t  i n c o n s i s t e n t  w i t h  growth o f  

I 1 e ~ ~ ( ~ ~ t )  1 1 l i k e  N1I4 .) A l s o  o b s e r v e  t h a t  t h e  norms seem 

t o  have a boundary layer tic b e 2  such t h a t  I I exp(LNt i  1 1 +0 

as N- for t t 2  and + O  a s  N- for 2 .  Th i s  b e h a v i o r  

is c o n s i s t e n t  w i t h  t h e  ~ n b o u n d e d n e s s  o f  e x p ( L t )  f o r  t < 2  [see ( 5 . 4 )  1 . 
Asymptot ic  s t a b i l i t y  does  n o t  p rove  stability because  LN is  

n o t  normal. The n e x t  s t e p  i n  t h e  compu ta t iona l  proof or' s t a b i l i t y  

is  t o  compute numer i ca l ly  t h e  Liapunov m a t r i c e s  HN s a t i s f y i n g  



T a b l e  8.3 

Table 9.3. The real  p a r t  o f  t h e  e i g e n v a l u e  o f  LN w i t h  

leas t  n e g a t i v e  real  p a r t  f o r  t h e  c o . l l c c a t i o n ,  t a u ,  and 

G a l e r k i n  s p e c t r a l  a p p r o x i m a t i o n s  to  (8 .1 .3 ) .  S i n c e  a l l  t h e  

e i g e n v a l u e s  o f  LN have  n e g a t i v e  real p a r t s ,  t h e s e  s p e c t r a l  

methods are a s y m p t o t i c a l l y  stable as t +=. 
. . . . . . . 

N 
ir 

I 
! 10 
I 
i 20 

3 0 

40 

50 

6 0 

70 

8 0 

- --- 

C o l l o c a t i o n  

-2.4532 

-2.5932 

-2.7267 

-2.849 

-2.966 

-3.0824 

-3.1985 

-3.3162 

---..-- 

Tau 

-2.999 

-3.9320 

-4.5380 

-4.9918 

-5.3837 

-5.7266 

-6.0489 

-6.3650 
I 

-3.4365 

-3.5597 

---- --- 

Galerk in  
-.- - 
1 

-1.9 306 

-2.15 -1 
-2.32 

-2.4659 

-2.5965 

-2.7226 

-2.8478 

-2.9738 

-6.6861 

-7.0229 

-3.1017 

-3.4335 
1 -._ .-j 
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A good method t o  computc  I IN 
i s  d e s c r i b e d  by n a r t c l s  L S t e w a r t  

(197.4). In T a b l e  8.4 w e  l i s t  t h e  c o n d i t i o n  n u ~ n b c r  o f  H~ f o r  

t h e  G a l e r k i n ,  c o l l o c a t i o n  a n d  tau  methods .  T h i s  t a b l e  s u g g e s t s  

t h a t  t h e  c o n d i t i o n  n u n b e r  of  IIN g r o w s  a t  most  l i k e  N' as  N 

f o r  the G a l e r k i n  aild c o l l o c a t i o n  m e t h o d 2  and  l i k e  x2  f o r  t h e  

t a u  method .  R e c a l l i n g  ( 5 . 1 1 ) ,  wc o b t a i n  

f o r  a l l  t h r e e  n ~ e t h o d s .  I t  s h o u l d  be  13ott.d t h a t  ( 6 . 7 )  giv(-.s o n l y  a n  

u p p e r  bound f o r  I I exp [ I  N'..~ ! I . A c c o r d i n g  t o  t h e  t h e o r y  g i v e n  i n  

Sec. 5, t h l s  upper bound c a n  b e  shnrpcncd  by a t  most  I I L ~ I  I = 0 ( N 2 )  

(N+m), e x p l a i n i n q  t h c  o r i y i n  o f  t h e  d i f f e r e n c e  bc twecn  t h e  e s t i m t c  

( 8 . 7 )  a n d  t h e  o b s e r v e d  b e h a v i o r  of tho computed L - m a t r i x  
2 

norms . 
I n  t h e  a b o v e  d i s c u s s i o n ,  w e  h a v e  g i v e n  n u m e r i c a l  e v i d e n s c  

f o r  a l g e b r a i c  s t a b i l i t y  of t h e  C h c b y s h ~ v - s p e c t r a l  n ~ c t h o d s  fo r  

( 8 . 1 )  . WE ~ l l r l l l  'ROW prow? r i g o r o i i s l y  t h a t  C h c b y s h o v - r ; p c c t r o l  

m e t h o d s  f o r  (8.1) a r e  a l g e b r a i c a l l y  s t a b l e .  

p r o o f  of AILpbraic S t n b i l  it\, f o r  ChcL~v.s!lcv-Gal c r k i  11 ~ p r o s i 1 ! ? ; l  t - j ~ ~ l  
. .  , -. . - - . - - -  . . - -- -- 

In t h e  C h c b y s h c v - G a l o r k i n  n p p r o s i m a t i o n  t o  ( 8 . l ) ,  wc r e p r c s c r ~ t  

t h e  s p e c t r a l  a p p r o x i m a t i o n  by thc series 

i The  c o n d i t i o n  number of I I N  can grow no f a s t e r  

N+m. To sce t h i s ,  w e  n o t e  t h ; ~ t  ( 5 . 1 3 )  g i v e s  

w h i l e  (5.1 3 )  a n d  t h e  r c s u l t s  t h a t  1 1 c x p ( l d N t )  I 
and I I c s p ( ~ ~ t ) I I - ~ 0  as  N e b "  f o r  t '2  g i v e  

a s  N+m.  



Collocat ion Tau ( Galerkin 

Table 8 . 4 .  The conditionnumber I I B ~ I ( ( I H ~ ~ ( I  i n  t h e  

L2 
matrix norm of t h e  Liapounov mt r i c e s  H~ 

for t h e  

co l loca t ion  , t au ,  and Galerkin spec t ra l  methods f o r  (8.1-3j . 
Fo Lhe co l loca t ion  and GaPerkin me thods ,  t h e  condition 

3 
number scems t o  grow l i k e  M as  N+m , while fo r  t h e  t a u  

2 method it scems t o  grow like FI a s  N-*- . 



Recall ing (2 .34)  . uN s a t i s f i e s  

W e  can determine ~ ~ ( t )  by equating the  c o e f f i c i e n t s  o f  x N 

i n  ( 8 . 8 )  : 

Let us  now multiply both s i d e s  o f  (Q 9 )  by 2(1-x)uN and in tegrate  

Thus. with respec t  t o  the  Chebyshev weight funct.ion (1-x ) 

t h e  l e f t  hand s i d e  o f  ( 8 . 9 )  becomes 



The boundary term i n  the  l a s t  expres s ion  vanishes  because 5 
is a polynomial s a t i s f y i n g  1  = 5 . Alp?, 

The f i r s t  and third Sums on thr, right i n  ( 8 . 1 1 )  are orthogonal  

tr, tha r i g h t  s i d e  o f  ( 8 . 9 )  . T h e  inner  product of (1-x)uN 

w i t l ?  the  s ezon?  sun, 0:) t h e  r i g h t  i n  ! 5 . 9 )  gives 

Cmnbin ng ( 8 . 1 0 )  and ( 8 . 1 2 1 ,  r;e o b t a i n  

- 
This inequa l i ty  provca t h a t  uN 

i s  s t a b l e  i n  t h e  new norm defined 



. I  . I t  r e m a i x  t o  piove t h a t  t h e  norm d c f i n o d  by (8 .14)  i s  
' 1  
. I  

i algebraically eqnival-cnt  t o  the u s u a l  Chcbyshev-L norm. That 2 

is, we must  S ~ A O W  t h e  e x i s t e n c ~  O F  two f u n c t i o n s  cl(N) and c2(?l) 

such t h a t  for cvcry  Nth degree poll-nomiill t? 

where l/cl ( 3 )  and c2 (N) grow at most a l g e b r a i c a l l y  as N+-. 

The s r c o n d  incqua1 i t . y  i n  (8.15) holds w i t h  c Z ( N )  = 2 bccousc 

.I T:;c f i r s t  i n c q u a l i t y  i n  (8 .15 )  is  more d i f f i c u l t .  to  

I 
I e s t a b l i s h .  By t h e  rnean-value thcorcm, 

I 

i 
f liowev~r t h i s  dces no: prove tho r c q u i r e d  i n e q u a l i t y  b e c a o s c  i t  i s  

f ! 
n o t  clc!.lr t h a t  1 -  i s  bounded a l g e b r a i c a l l y  a s  - for a l l  

po lynominls .  

. I 
I To e s t a b l i s h  the f i r s t  i n c q u a l i t y  in (8 .15)  vc use a d i f f c r c n t  

1 approach. Wc substi tutc t h e  Chcbyshcv polynomial e s p a n s i o ; ~  

, . .  . a  . , a,,. 

-161- 



and obtain 

where H is the symmetric, pos i t ive  d e f i n i t e ,  (N+1) x (N+1) 
N 

tridiagonal matrix whose elements are 

0 otherwise, 

where co = 2 ,  cn = 1 if n > 0 .  To complete the denunstration of  

the  first inequal i ty  i n  ( 8 . 1 5 ) .  wc must show that  HN~cl(N) I 

where c l ( M b O  and l/cl(N) is  bounded ~ l y e b r a i c a l l y  a s  N-. 

Since ql is nearly a constant-diaqonal tridiagonal matrix, the 

eigenvalues of HN can be studied by standard techniques: i f  

DN = dst(BN-AI),  then DN s a t i s f i e s  the three-term recurrence 



Since ( 8 . 1 7 )  h a s  c o n s t a n t  c o c f f i c i c n t s ,  it is easv t.o s o l v e  

e x a c t l y .  From t h i s  s o l u t i o n ,  i t  is n o t  h a r d  t o  show that t h e  

smallest c i q e n v a l u e  of 11 sa t i s f i e s  
N 

Choosiny cl ( N )  = 1 (N) gives l / cL  (I?) . 6 ~ ~ / n *  ( y - t m )  . min 

Th i s .  proves t h a t  t h e  norm d e f  i n c d  by ( 6 . 1 4 )  i s  a 1 9 c b r a i c a l l y  

e q u i v a l e n t  to  t h e  C h c h y s h e v  nol-ill a n d ,  thercfol-c . ,  Chcbyshcv-Gzlcrkir7 

a p p r ~ x i n l ~ t i o n  t o  (8.1) i s  algebraically stable. I\:ote a l s o  t h a t  ( S - 1 3 )  

shows t h a t  t he  m a t r i x  I I N  d c f i n c d  i n  (8.16) s a t i s f i e s  (5.7b) w i t h  

c(N) = 0 .  S i n c e  1 1 ~ ~ 1 1  = 0(1) and  ll~i'll = O ( N  ) ,  (5.11) 

i m p l i e s  t h a t  / I c s p ( L  t ) l l  = O ( N )  a s  N-, w h i c h a l s o  follows N 

d i r e c t l y  from ( 8 . 1 5 )  . 
W e  have  not y c t  bccn a b l e  t o  o b t a i n  a r i g o r o u s  d c n l o n s t r a t i o n  

that 1 l e x p ( l N t )  1 1  = 0 ( ~ ' ' ~ 1  a s  N... a s  found n u n w r i c a l l y  i n  

Table 8.2.  Our b e s t  r e s u l t  t o  d n t c  is I l c s p ( ~  t )  1 1  =-z O ( N )  as N 

N-. 

~ 1 . t h o u q h  t h e  problcm ( 8 . 1 )  is n o t  we l l  poscd i n  t h c  Chcbynhcv 1lcr.m 

(as shown i n  Scc. 51,  it is w e l l  posed  i n  the mrm dcf i n c d  by ( 8 . 1 4 )  . 
Using ( 8 . 1 )  and  (8.3), w c  o b t a i n  



1 1/2 1 

!, (E) u u x dx 

Thus, 

so t h a t  ileLtll<l in t h e  ncrm (8.14). 

Proof of .F\lsebraic Stabliity for Chchyshev-Tau Approximati~n - 
The proof of algebraic stability for t h e  tau method is similar 

to that just q i v m  f o r  Galerk in  reximation. The Chebyshev-tau 

approximation u s a t  is£ i n s  
N 

where 



Therefore , 
a2UN No 1 

(1-x) - =-N - 
axat n = ~  

Moreover, comparing the coefficients of xN on both sides of 

(g.1~) we find 

Since  

we obtain 

Therefore , (8.21) gives 
d 



3 u ~  T h i s  proves t h a t  t h e  e v o l u t i o n  o f  is  s t a b l e  i n  the norm 
O X  a~ . .  

(8.14) . F i n a l l y ,  t h e  boundadness  o f  N - impl ies  t h e  
ax 

boundedness  of uN, as will now bc shown. I f  uN is  g i v c n  

by (8.19) , t h e n  

where 

The boundary c o n d i t i o n  uN( -1 ,  t) = 0 r e q u i r e s  t h a t  

T h e r e f o r e ,  s i n c e  a " ~  i s b o u n d e d ,  so is u 
T i -  N' 

In S e c ,  9 w e  present  a v a r i e t y  o f  numer i ca l  r e s u l t s  f o r  

the n u m e r i c a l  s o l u t i o n  of (8 .1 )  by Chebyshcv and Lcgendrc  s p e c t r a l  

methods. 

E f f e c t  of Boundary Condition; o n  the S'tabi1i. t .y of Spectral  FIcthcxls --- . . --- - ----- - .-- 

, bet U S  d i s c u s s  the effcct o f  boundary conc l i t i ons  o n  the 

s t a b i l i t y  of the Cheybshev a p p r o x i m a t i o n s  t o  (8 .1)  . I n  Scc.  G it 

w a s  shown that i n c o r r e c t  treatment of t h e  boundary dccs not affect 

the s t a b i l i t y  ( t hough  it does a f f e c t  t h e  convcrgencc)  of thc F o u r i e r -  

G a l c r k i n  method. T h i s  i s  m t  . tlw casc f o r  the Chclhyshcv-spectral  

methods. L e t  u s  assume t h a t  we solvc ( 8 . i )  ignoring t l ~ c  boundary  

c o n d i t i o n  (8 .3)  and suppose  that uN(x ,O)  = TN(r). Thc r e s u l t i n g  



system o f  Galerkin equat ions  f o r  a  is 

p+n odd 

where an (0 )  = 6nN. Eq. (8.24) can e a s i l y  be solved:  4y+( t )  

is a polynomial i n  t of degree k of  t h e  form 

T h i s  s o l u t i o n  is c l e a r l y  n o t  bounded by any f i n i t e  power of N. 

Thus, t h e  Chebyshev methods are a l g e b r a i c a l l y  uns tab le  when no 

boundary condi t ions  a r e  applied.  

I f  w e  had imposed t h e  boundary condi t ion  u ( + l , t )  = 0 i n  

a d d i t i o n  t o ,  o r  i n s t ead  o f ,  t h e  boundary condi t ion  u ( - l , t )  = 0 ,  

then Chebyshev-spectral s o l u t i o n  t o  (8.1) would be unstable .  

With u (+ l , t )=O in s t ead  of ( 8 . 3 1 ,  t h e  Chebyshev-spectral approxiniations 

t o  t h e  opera to r  -a/ax a l l  have e igenvalues  wi th  p c s i t i v e  r e a l  p a r t s  

( t h a t  grow a s  N + m ) .  Simi la r ly ,  i f  w e  t r i e d  t o  impose the e x t r a  

boundary condi t ion  a u < + l , t ) / a x  = 0 i n  add i t i on  t o  u  (-1, t ) = O  [as 

is f requen t ly  done wi th  f i n i t e  d i f f e r e n c e  methods], an uns tab le  

scheme would r e s u l t .  

The e f f e c t  of imposing u ( + l , t )  = 0 i n  add i t i on  t o  u ( - 1 . t )  = 0  

is s l i g h t l y  d i f f e r e n t  f o r  Legendre-spectral methods. With u (-l,t)= 

u ( + l , t ) = O ,  ~ e g e n d r e - s p e c t r a l  methods f o r  s o l u t i o n  of (8.1) a r e  

semi-bounded. 

(v, 

when v ( * l , t )  = 

In  f a c t ,  

-1 

0 ,  s o  t he se  methods a r e  semi-bounded and s t a k : ~ .  



However, these spectral approximations are not consistent. 

For example, Galerkin approximation involves expansion of 

u(x,t) in terms of the functions 42n(~)=PZn(~) - PO(l) 
+2n+l (X)'P~n+l (x)- P1(x) that satisfy $n(*l) = 0. 

But W a x  c=nnot, in general, be expanded in terms of the 

functions +;(XI . 
The above situations are typical of rapidly converging 

spectral methods. Spectral methods are extremely sensitive to 

the proper formulation of boundary conditions. When proper 

boundary  condition^ are imposed so the prcblsm is well posed, 

the methods yield very accurate results; when improper boundary 

conditions are mistakenly applied, the met.hods are likely to be 

explosively unstable. The stability and convergence of spectral 

methods follows very closely that of the exact equations. 



Time Dif f  e r e n c i n q  9- - 
I n  previous  s e c t i o n s  w e  have i n v e s t i g a t e d  t h e  p r o p e r t i e s  o f  

s p e c t r a l  approximations to  t h e  s p a t i a l  o p e r a t o r  L of  t h e  

d i f f e r e n t i a l  equa t ion  

I n  t h i s  s e c t i o n  w e  i n v e s t i g a t e  the p r o p e r t i e s  o f  t i m e - i n t e g r a t i o n  

t echn iques  f o r  t h e  s o l u t i o n  o f  t h e  semi -d i sc re te  s p e c t r a l  approx- 

ima t ions  

Time d i s c r e t i z a t i o n  e r r o r s  i n  b o t h  f i n i t e  d i f f e r e n c e  a ~ l d  

s p e c t r a l  methods axe t y p i c a l l y  much smaller t h a n  a r e  s p a t i a l  

d i s c r e t i z a t i o n  errors. There are two reasons  f o r  t h i s :  (i) t i m e  

s t e p s  a r e  f r e q u e n t l y  restricted i n  s i z e  by e x p l i c i t  s t a o i l i t y  

c o n d i t i o n s  -- s t a b i l i t y  of t h e  t i m e  i n t e g r a t i o n  r e q u i r e s  t h a t  

t ime-dif f erencing e r r o r s  be smal l ;  and (ii) many problems involve  

s e v e r a l  space c o o r d i n a t e s  so any p o s s i b l e  e f f i c i e n c y  i n  t h e  

r e p r e s e n t a t i o n  o f  t h e  s p a t i a l  v a r i a t i o n  o f  t h e  dependent v a r i a b l e s  

i s  q u i t e  i x p o r t a n t  t o  t h e  o v e x a i l  e f f i c i e n c y  of  t h e  method-- i 7  

t h e  number of  degrees  of  freedom necessary  t o  d e s c r i b e  a  c e r t a i n  

three-dimensional f i e l d  a c c ~ r a t e l y  can be  reduced by two i n  each 

space d i r e c t i o n  then  t h e  t o t a l  !lumber of  degrees  o f  freedom i s  

decreased 'by  a f a c t o r  8 ,  bu t  a  s i m i l a r  improvenent i n  t i m e  

d i f f e r e n c i n g  gives j u s t  a f a c t o r  2.  W e  w i l l  i n v e s t i g a t e  

he re  o n l y  f i n i t e - d i f f e r e n c e  methods of  f i n i t e - o r d e r  accuracy f o r  



tiryewise so lu t ion  of (9.1)  d e s p i t e  t h e  i n f  i n i  te-order 

accuracy i n  space of many o f  t h e  s p e c t r a l  met-hods discussed 

i n  earlier sec t ions .  No e f f i c i e n t ,  h i f i n i t e -o rde r  accurate  

t ime-differencing methbds f o r  v a r i a b l e  c o 6 f f i c i e n t  problems . 

are y e t  known. T h e  cu r r en t  s ta te -of - the-a r t  of t ime-integrat ion 

techniques fo r  s p e c t r a l  methods i s  f a r  from s a t i s f a c t o r y  on both 

t h e o r e t i c a l  gnd p r a c t i g a l  ,grounds and the r w u l t s  t o  be presented 

hero must be regarded aa only 9 ;@ginni-ng. 

One o f  our  prime goa ls  is  to i n v e s t i g a t e  the  s t a b i l i t k  of 

t i m e  d i f f e r enc ing  methocls f o r  t h e  so lu t ion  of (9 .1  ) . To ilo 

this we must f i r s t  explain  how t o  extend t h e  s t a b i l i t y  daf i n i t i o n s  
A given i n  Sects .  4 and 5. L e t  ui (u )  = uN(x,nAt) be t h e  approx- 

imation t o  t h e  w l u t i o n  of (10.1)  at.. t i m e  nAt, where A t  LS a 

time s tep .  Time d i f fe renc ing  methcds involve approximating 

n+l . i n  some way t o  g ive  a r u l e  f o r  con r t r ac t ing  uN . 

where KN is an opera tor  a c t i n g  on 
U~ ' 

it follows t h a t  

(9.2; 

Using t h i s  :rule r e p e t i t i w l y  

where f o r  no ta t iona l  s impl ic i ty  w e  assume A t  f  i>ed. We say t h a t  

(10.2) is  s t rongly  s t a b l e  i f  



f a r  a l l  N and n s u f f i c i e n t l y  l a r ~ e  and At s u f f i c i e n t l y  small. 

hem K(T) is a f i n i t e  f u n c t i o n  c f  T. W e  d e f i n e  g e n e r a l i z e d  

a t a b i l x t y  by r e p l a c i n g  K(') i n  ( 9 . 3 )  by N ~ + ~ ~ K ( T )  as i n ( 5 . 2 ) .  

A s u f f i c i e n t ,  though no t  necessary ,  c o n d i t i o n  for s t r o n g  

s t a b i l i t y  ( 9 -  4 ) is I '  

f o r  some f i n i t e  K and a l l  A t  s u f f i c i e n t l y  smal l .  Xf % ( A t )  

is a normal m a t r i x  then  s t a b i l i t y  is assured  i f  t h e  e igenva lues  

X o f  KN s a t i s f y  t h e  von Neumann c o n d i t i o n  

f o r  s a f f  i c i e n t l y  smal l  A t  (Richtmyer C Morton 1967) . If \ 
i,s n o t  normal, then  ( 9.6 ) i s  st i l l  a necessary ,  though no t  

s u f f i c i e n t ,  c o n d i t i o n  f o r  s t a b i l i t y  in t h e  s e n s e  o f  ( 9.4 ) . 
The importance o f  t h e s e  s t a b i l i t y  d e f i n i t i o n s  is t h a t  they  

l e a d  to  t h e  f u l l y  discrete form of  t h e  equivalence  theorem (see 

Sec. 4 ) :  a  scheme i s  c o n s i s t e n t  if 

I 

a s  N -, 

scheme 

w and A t  + 0 f o r  a l l  u i n  a  dense  subspace of  H ;  

i s  convergent  i f  

1 - A t  + 0 

a s  N + w and A t  + 0 f o r  a l l  n s a t i s f y i n g  0 - < nAt - < T and 



a l l  udO) EM. The equivalence thsorem irtates t h a t  f o r  c o n s i s t a n t  

ap$roxinations to well-posed problems, s t a b i l i t y  is equiva len t  

to  convergence. 

L e t  us now s tudy the s t a b i l i t y  p rope r t i e s  of  some 

s p e c i f i c  t ime-differencing met3ods. 

Implicit t ime-inteqrat ion met'.ac?s -..- - 
Two ? .he- in tegra t ion  methods t h a t  are uncondi t ional ly  

s t a b l e  f o r  every a lgeb ra i ca l ly  s t a b l e  s p e c t r a l  method a r e  t h e  

Crank-Nicolson scheme and t h e  backwards Euler scheme. For any 

semi-discrete s p e c t r a l  approximation (9.1) t o  ut = Lu, t h e  

crank-Nicolson t ime-d i f fe rmcing  scheme is given by 

and t h e  backwards Euler  scheme is  given by 

To prove t h a t  (9.8) o r  (9.9) i s  s t a b l e ,  wz praceed a s  follows. 

I f  (8.1) is a lgeb ra i ca l ly  s t a b l e  t h e r e  e x i s t s  a family o f  

p o s i t i v e  d e f i n i t e  Hermitian matrj .es { H ~ )  such t h a t  

o r ,  equ iva len t ly ,  
- 



wherc; a(N)cd - h N  for  some f i n i t e  d .  S u b s t i t u t i n g  

into  (9 .8 -91 ,  we obtain, r e s p e c t i v e l y ,  

where 

Taking the scalar product of ( 9  . l o )  with 

v i  + v;+', we g e t  



Therefore, 

which prover generalized s t a b i l i t y  for vN and, hence, a l s o  for 

S l m i l . ? r l ~ ,  w e  may show that the  backwards Euler method 

i s  uncondit imal ly  s tab le .  T ~ L i n g  the  sca lar  p r o L c t  o f  (9.11) 

n+l 3 with vN + vN , we o b t a i ~ ,  



s o  t h a t  

proving generalized s t a b i l i t y  of  uN. 

Note t h a t  t h e  above p r o o f s  show t h a t  if a(N) is not a 

func t ion  of  N then vN = HN 1 / 2  is s t r o n g l y  atrble for bcth 

the Crank- ~ i ~ ~ l ~ ~ ~  and backwards Euler schsmes. 

9 e c t r a I i  approxinrationr us ing  Faurfrr series 

Next, w e  consider  severa! t i m e  i n t e g r a t i o n  

methods f o r  Povr ier  serier s p e c t r a l  approxims%ions to 

wi th  pe r iod ic  boundary cond i t ions .  As shown i n  Sec. 6 ,  t h e  

col locat ion equa t ions  are 

where t h e  matr ices  2Nu2N C and D a r e  de f ined  i n  ( 6 . 3 ) .  

The ' l eapf rog '  t i m e  d i f fe re i l c inq  approximation t o  (9  -15) 1s 

t h e  e x p l i c i t  two - l e v e l  scheme 

Thus ,  i n  t h e  leapfrog scheme 



80 is a  two-level e v o l u t i o n  o p e r a t o r  mince it depends on 
n- 1 both  uN and 4. The d e f i n i t i o n s  o f  u t a b i l i t y ,  convergence, 

and conuis tency g iven  above extend e a s i l y  to  t h i s  case. 

We shall show that (9.16) is  s t r o n g l y  stable provided that 

m shaw t h i s  w e  f i r s t  recall from Sec. 6 t h a t  C is u n i t a r y  

and D is skew-aerni t ian.  Therefore ,  A = C - ~ D C  is also skew- 

Hermitian, and hence normal, so that 

1 = 2a(N-1) . 
n-1 Now w e  t a k e  t h e  i n n e r  product  of (9.16) with <+I + uN 

to get 

n and uN are r e a l .  S ince  A* = -A, w e  o b t a i n  since uN 

n-1 n n-l n-1 + 1 1 %  1 1  - Z A t R e ( % ,  AUN S U E  

so. < = 4 . Schwarz' inequality impl ies  that 



s o  th ' a t  i f  (9.17) is sa t -h f i ed ,  i.e. at( ( A I  j < 1-c for some e > 0, - 

'-sing t h i s  r e s u l t , ~ e  o b t a i n  - 

0 - Sincle V N  is c bounded f u n c t i o n  o f  N (because o f  the i n i t i a l  
n+l  r o n d i k x m ) ,  we see t h a t  (luN I ( is  bounded Cor a l l  N and 

n , pro-.ping s t r o n g  s t a b i l i t y .  

knother  way to prove t h a t  t h e  l e a p f r o g  and ~ r a n k - ~ i c o l s o ~ ' ~ ~ ~  

d i f f e r e n c i n g  schemes a r e  s t r o n g l y  s t a b l e  for (9.15) is t o  use  a 

modal a n a l y s i s ,  which is justified b c a u s e  A is normal. Thus, 

0 
if \ i s  an  e igenfunc t ion  o f  A with  e igenva lue  A , t h e  

Crank-Nicolson approximation to  KN ( A t )  is 

Since  t h e  e igenvalues  A or' C - ~ D C  are a l l  pure  imaginary, it 

fo l lows t h a t  I I K ~ ( A ~ )  / 1 = I ,  s o  Crank-Nicolson d i f f e r e n c i n g  is 

.. s t a b l e .  

S t i l l  ano the r  t i m e  diffferencing method f c r  s o l u t i o n  o f  (9.15) 

is t o  use  a Runge-Xutta scheme. I t  easily v e r i f i e d  t h e  f i r s t  and 

second-order Runge-Kutta methods are unstablo unless  A t  s a t i s f i e s  

c o n a i t i o n s  t h a t  8 . 2  much more r e s t r i c t i v e  than  (9 .17) .  With t h e  

f i r s t - o r d e r  Euler  method 



2 s t a b i l i t y  r e d u i r e s  t h a t  A t  be bounded as A t  + 0 [becauee 

1.1 % ( A t )  I 1- 1 + 0 ( N ~  bt2! I ; with the second-order scheme 

.. . srab l l i ty  r e q u i r e s  t h a t  N ~ ' ~ A ~  b e  bounded as + + 0. Hawever, 

t h e  t h i r d  and four th-order  Runge-Kutta methods g i v e  c o n d i t i o n a l  

s t a b i l i t y  r e ~ t r i c t i o n s  1; k e  (9 - 17 )  which w e  w 11 now d e r i v e .  

The th i rd -o r9e r  Runge-Kutta schemc may be w r i t t e n  f&a l i n e a r  

equat ion  l i k e  (9.1) as 

Since % ( A t )  g iven by ( 9 . 2 0 )  is ~ormal, 

where t h e  m a x i m  is taken over  a l l  t h e  e igenvalues  of A.  

eigenvalues  o f  A a r e  i k  w i t h  Ikl - < 2a(N-11, s o  ( 9 . 6  ; i s  

s a t i s f i e d  provided t h a t  



Thus, thie method al lows time s t e p s  t h a t  can be fl t i m e s  

l a r g e r  than  with  t h e  leapfrog scheme whi le  maintaining s t a b i l i t y .  

However, i f  t h e  opera tor  A is complicated, the th i rd-order  

Runge-Kutta scheme r equ i r e s  about 3 t i m e s  as  much work as leap- 

f r o m  a t  each ti-p,- so it i s  probably not  competitive. --- 
Simi la r  ana lys i s  of t h e  fourth-order Runge-Kutta scheme 

g ives  t h e  s t a b i l i t y  condi t ion 

Thus t i m e  s t e p s  can be near ly  t h r e e  times l a r g e r  than with  

leapfrog s teps .  However, four th-order  Runge-Kutta d i f  f e r e n c i ~ g  

r equ i r e s  about four  t i m e s  t h e  work of leapfro9 d i f fe renc ing ,  so 

t h e  scheme is probab1.y not too  usefu l  un less  very high accuracy 

is desired. 

Now we s h a l l  consider  t ime-differencing methods f o r  Fourier  

series s p e c t r a l  approximations t o  t h e  heat equation with periodic 

boundary cond. .ions: 

Collocation using Fourier  s e r i e s  gives  t h e  s p e c t r a l  equations 



The matr ix  C-' D ~ C  is  n e g a t i v e  d e f i n i t e .  Because (9 -19 )  s t i l l  

h o l d s  and a l l  e i g e n v a l u e s  X a r e  n e g a t i v e ,  Crank-Nicolson t i m e  

d i f f e r e n c i n g  is u n c o n d i t i o n a l l y  s t a b l e .  On t h e  o t h e r  hand, i t  

i s  easy to  show t h a t  l e a p f r o g  d i f f l e r e n c i n g  i s  u n c o n d i t i o n a l l y  

u n s t a b l e .  I n  f a c t ,  i f  u i  is  a n  e i g e n f u n c t i o n  o f  C - ~ D ~ C  w i t h  

n 0 e i g e n v a l u e  h < 0 t h e n  / I K~ ( ~ t )  uN / i grows lj t o  

as  A t  + 0 f o r  f i x e d  X and 

2 nh t .  S incemax lXl  = 4n ( N - 1 1 2  grows l i k e  N~ a s  N + = ,  . - 
n  0 I I K , ( A ~ )  uN] 1 c a n n o t  be hounded be a f i n i t e  f u n c t i o n  cf nAt 

for a l l  N ,  p rov ing  u n c o n d i t i o n a l  i n s t a b i l i t y ,  

Another way to s o l v e  (9,241 is t o  u s e  a  g e n e r a l i z e d  F~ufo r t -  

F ranke l  scheme 

If 7 > n2 t h a n  t h i s  method i s  u n c o n d i t i o n a l l y  s table - 
( G o t t l i e b  & G u s t a f f s o n  1976) .  

S i m i l a r l y ,  E u l e r  t i m e  d i f f e r e n c i n g  o f  (9 .24 )  is c o n d i t i c n a l l y  
3 

2 2 -1 
s t a h l e .  S t a b i l i t y  r e q u i r e s  t h a t  A t  maxl X 1 - < 2 or A t  - < (3rr ( N - 1 )  1 . 
Higher-oy:der Ad--Bashforth schemes have similar c o n d i t i o n a l  

s t a b i l i t y  l i m i t s .  



T i m - d i f f e r e n c i n g  f o r  mixed - in i t i a l -boundary  v a l u e  problems 

Some care is necessa ry  i n  t h e  fo rmula t ion  of time- 

d i f f e r e n c i n g  methods f o r  s p e c t r a l  approximations to  mixed 

in i t i a l -boundary  va lue  problems. The s e n s i t i v i t y  of s p e c t r a l  

methods t o  the  p roper  fonnu la t ion  of boundary c o n d i t i o n s ,  . - 

as shown i n  Sects. 6-8, c a r r i e s  over  t o  t h e  formula t ion  

o f  t ime-d i f fe renc ing  methods f o r  t h e s e  approximations.  For 

example, f o r  most mixed in i t i a l -boundary  v a l u e  problems leap-  

f rog t ime d i f f e x e r c i n g  is uncond i t iona l ly  u n s t a b l e  f o r  s p e c t r a l  

approximations. Furthermore, e x p l i c i t  t i m e  in tec j ra t ion  methods 

may b e  unduly r e s t r i c t e d  by c o n d i t i o n a l  s t a b i l i t y  requi rements  

i n  s p e c t r a l  approximations.  The o r i g i n  of  t h e s e  s e v e r e  

r e s t r i c t i o n s  is t h e  very  high  r e s o l u t i o n  of s p e c t r a l  methods 

near boundaries .  Thus, i t  is  f r e q u e n t l y  necessary  t o  combine 

s p e c i a l  kinds of i n p l i c i t  t i m e - i n t e g r a t i o n  methods wi th  s p e c t r a l  

approximations i n  o r d e r  t o  maintain hiqh accuracy a t  relasonable 

computat ional  c o s t .  Severa l  examples w i l l  be g iven l a t e r .  

L e t  u s  begin by s tudy ing  t i r e - d i f f e r e n c i n g  methods f o r  

t h e  Chebyshev-spectral approximation t o  t h e  mixed i n l t i a l -  

boundary va lue  problem ( 8. I - 3)  ; 



In Sec. 8, we proved that various semi-discrete spectral 

approximations to (9 .27-29)  are algebraically stable. 

Let us first consider the leapfrog time-differencing 

scheme 

where $(x) is the time-discretized approximation to 

uN ( x ,  "At), A t is the time step, and the semi-. . scretc 

approximation is 3uN/at = LN uN. 

TPis scheme is unconditionally unstable for any At as N-. 

L show this we recall that in Sec. 8. we proved that the 

cigenvalucs of LN have negativs real part (see Table 8.3) 

and that the largest eigenvalue of L has a negative real N 
"pa part that =rows like lU2 as N-. Let us rewrite 19 .30 )  .% 

in the 2 x 2 block-matrix form 

If the eiqenvalues of Lb, 
are denoted as u N ,  then the 

eigenvalues of the matrix on the right in 9.31 are 



For fixsd N and A t + O ,  

the form (9.4) can be satisfied. Thus, lea~frog time 

didfcrancing of the Chebyshev approximations to (9.27-29) 

is unconditionally unstable. 

There are several conditionally stable explicit time- 

differencing approximations that can be used with spectral 

approximations to (9.27-29) . Two examples are the Adam8- 

Bashforth scheme 

--. Y 

and the modified Euler scheme 



The modified Euler  schene (9 .36)  is i n  p r a c t i c e  s t a b l e  provided 

t h e  s t a b i l i t y  c o n d i t i o n  

i s  s a t i s f i e d .  A s k ~ l l a r  a t ~ d i l i t y  c o n d i t i o n  ho lds  f o r  t h e  

Adams-Bashfortb scheme. 

The f a c t  that t h e  s t a b i l i t y  l i m i t  i n  (9.37) depends 

on 1 / ~ ~  r a t h e r  than  J./N is  n o t  ve ry  s u r p r i s i n g  

because t h e  Ck.ebyehev c o l l o c a t i o n  p o i n t s  cos m / N  

are spaced by a d i s t a n c e  of order 1 / ~ ~  near the boundaries .  

S ince  t h e  wave speed i n  (9.27) is 1 t h e  wave p r o p g a t e s  from 

one g r i d  p o i n t  t o  t h e  nex t  i n  a  t i m e  o f  o r d e r  1 / ~ *  s o  t i m e  

s t e p s  nuot b e  smal le r  than  t h i s  t o  main ta in  e x p l i c i t  s t a b i l i t y .  

TP.e e x p l i c i t  s t a b i l i t y  r e s t r i c t i o n  (9.37 for Chebyshev- 

s p e c t r d .  rn thods  wi th  N polynomials should be c o n t r a s t e d  w i t h  

the carresponding s t a b i l i t y  c o n d i t i o n s  f o r  f i n i t e  d i fke rence  

i n  t h e  i n t e r v a l  - I c x < l ,  t h e  g r i d  upacing i s  2 / ~  s o  t h e  - - 
Ctturant s t a b i l i t y  c o n d i t i o n  i s  A t  52/NI  AS N+=, t h i s  

.c,;ability c o n d i t i o n  :on f i n i t e  d i f f e r e n c e  schemes is nuch 

weaker than  t h e  c o n d i t i o n  (9.37) on t h e  s p e c t r a l  approximations. 

A s e n i - i m p l i c i t  technique  t h h t  pe rmi t s  s t a b l e  t ime-di f ferencing 

wi th  s p e c t r a l  &hods with a s t a b i l i t y  c o n d i t i o n  l i k e  t h a t  

of  f i n i t e - d i f f e r e n c e  schemes w i l l  be d i scussed  l a t e r  in.  t h i s  



In order to prove that  the  m d i f i e d  Euler r t W  (9.36) 

i u  s table ,  w e  begin by noting that (9.36) is equivalent to the 

second-order Taylor series m e a d  

A s u f f i c i e n t  condition for  algebraic  s t a b i l i t y  of (9.38)  is 

the ex is tence  of posit.ive-def ini ta  s y m e t r i c  matrices IN 

such that  
* 

and the condition ;umber of SN sat-isf ies 

for some f i n i t e  0 . If (9 .39 )  hol ts  then 

Therefore, 



so that  

T GN S,, GN [ T  > At. .' 

To complete the  s t a b i l i t y  proof w e  must inves t igate  a 

under what condit ions  matrices SN s a t i s f y i n g  ( 9 . 3 9 )  e x i s t .  

One choice tor S is  jus t  t h e  Liapounov matrices of LN; 
N 

these  matrices s a t i s f y  

I t  was shown ir. Sec.8 that the  1,iarpunov matrices for  spectral  

approximrions to ( 9 . 2 7 -  29) have algebi-uical ly  bounded condition 

number. Using ( 9 . 3 8 )  , we obtain 

T G~ S G = SN + A t  (IN SN 
N N N  + S~ L ~ )  



From ( 9 . 4 0 ) ,  it follows khat  

", 
so that 

1 Thus , (3.33a) is s a t i s f  i c d  provl.':scl t h a t  

If ( 9 .41 -42 )  are satisfied then the modifieJ Ruler me tho^ for 
3 

( 9 . 2 7 - 2 9 )  is algebr2ically s t a b l e .  

A t  f i r s t  , it nay appear that the stabilit .o fl 

(9.42 ) is much more severe thn.1 the stability :. . , - r l  
i 

( 4 . 4 i ) .  In fact, wc know frornsec. 8 that 



4  so that ( 9 . 4  2 j  sccnls t o  requi re  t h a t  A t = O ( l / N  ) a: 

I .  However, t h e  s t a b i l i t y  c o n d i t i o n  ( 9 . 4 2 )  i s  no 

mre r c s t r i c t i \ - , - .  t h a n  t h e  s t a b i l i t y  c o n d i t i o n  ( 9 . 4 1 ,  

To ses t h i s  we 11se ( 9 . 4 0 )  wri t . tcn  i n  t h e  form 

t o  o b t a i n  thc! r e i r e s e n t a t  i o n  [set? (5,13) : 

I t  may be shown t h a t  the norm of t h e  in teqrani l  of ( 7 . 4 3 )  

2 is O ( 1 )  as N -* f o r  t = O(N ) and t h a t  t h e  noxm dec:,;.s 

r a ~ : i d l y  t o  zero as t -, 05. Therefor?, 

if.,wing t h a t  th? s t ' l b i l i t y  c o n d i t i o n  (9 .42 )  is  of t h e  form 

2 At = 0(1/N ) .  



& m i - i m p l i c i t  methods 

When e x p l i c i t  t ime-stepping methods are used t o  s o l v e  

semi-discre te  s p e c t r a l  e q u a t i o n s  f o r  t h e  hyperbo l i c  problem 

w i t h  a p p r o p r i a t e  boundary c o n d i t i o n s  [ t h a t  depend on t h e  s i g n  

of  a ( x ) ] ,  t h e r e  r e s u l t  s t a b i l x t y  c o n d i t i o n s  o f  t h e  form 

These s t a b i l i t y  l i m i t s  can be  de r ived  h e u r i s t i c a l l y  from t h e  

Courant s t a b i l i t y  c o n d i t i o n  

AX 
A t  < e f f  

5 7  

where aeff  i s  t h e  e f f e c t i v e  wave propagat ion  speed i n  a 

d i r a c t i o n  i n  which t h e r e  i s  

Near t h e  boundaries  ::=kl, 

r e s u l u t i o n  Axeff = 0 (1/~') 

e f f e c t i v e  g r i d  r e s o l u t i o n  Axeff. 

t h e  Chebyshev-spectral methods have 

a s  N- w h i l e  a e f f  = a ( + l )  ; i n  

t h e  i n t e r i o r  o f  - l c x < l ,  Chebyshev series have e f f e c t i v e  r e s o l u t i o n  

1 
AXeff  = 0 1 a s  N+- wh i l e  t h e  l a r g e s t  wave spped i s  .naxls(xi I 

Thus, (9.47) i m p l i e s  (9.46) f o r  t h e  Chebyshev-spectral methods. 

The s t a b i l i t y  c o n d i t i o n  (9 .46)  is  t o o  s e v e r e  f o r  many 

2 a ~ p l i c a t i o n s  because it r e q u i r e s  t h a t  A t  = 0 ( 1 / N  ) . 



I n  o r d a r  to  r e l a x  t h i s  s e v e r e  c o n s t r a i n t ,  w e  u s e  a  s emi - imp i i c i t  

method i n  which t h e  p ropaga t ion  through t h e  h i g h - r s o o l u t i o n  boundary 

is t r e a t e d  i m p l i c i t l y ,  b u t  t h e  p r o p a y a t i o n  through the i n t e r i o r  i s  

t r e a t e d  e x p l i c i t l y .  

Ona possible asmi-implicit scheme is  t h e  fo l lowing  two-step 

Withod. Le t  L be t h e  C' .ebyshev-spectral  approximat ion  to  

a a (x)  w i t h  a p p r o p r i a t e  boundary c o n d i t i o n s  a p p l i e d ,  and 

+ - 
L* , LN be t h e  Chehyshev s p e c t r a l  app rox ima t ions  to  t h e  

w n s t a n t  c o e f f i c i e n t  wave o p e r a t o r s  - a ( + l ) a / a x ,  - a ( -1>2 /ax ,  

r e s p e c t i v e l y ,  a g a i n  w i t h  a p p r o p r i a t e  boundary c o u d i t i o n s  a p p l i e d .  

h s e m i - i m p l i c ~ t  two-step scheme is g i v e n  by 

The scheme (9.481 i s  s t a b l e  i f  t h e  s t a b i l i t y  c o n d i t i o n  

is  sa t  i a f  i ed .  

The c o n d i t i o n  (9 .49)  i s  s a f f i c i e n t  t o  ensure s t a b i l  i t y ,  

bu t  t h e  s e m i - i m p l i c i t  scheme (9.48) may be s t a b l e  even i f  

(9.49) is vfolut lsd.  If maxla(x) lc  1 a ( l ) l  o r  maxl a ( x ) J x  1 a(-111 , 



(9.48) is usually unconditionally stable for sufficiently 

large N (see Sec. 8 of Orszag 1974). The implementation 

of (9.48) on a computer is straightforward and efficient; the 

properties of Chebyshev polynomials summarized in the Appendix 

show that the implicit equations (9.48) are essentially tridiagonal 

matrix equations. 

The reason that the semi-implicit method outlined a b ~ v e  

2 
does not have a stability restriction iike At = 0(1/N ) can be 

understood as follows. By subtracting L and "I; in succeeding 

half-time-steps, the e ~ l i c i t  part of the calculation is similar 

to that in solving an equation of the form 

- 2 au au + {l-x ) b(x) ;; = at 0 

where the wave speed vanishes at 1 If b(x) = b, a 

constant, the Chebyshev-tau equations for (9. 50) are just 

( 9 .  SO) 

where c = 2 and cn = 1 for n>O. By Gerschgorin's theorem, 
0 

I I L ~ ~ I  for (9.51) satisfies 

so the explicit time step restriction is ~t = O(l/bN) as 

N+" . 



We note that Chebyshev-apectral approximations to ( 9 . 5 0 )  

are stable when no boundary conditions are applied. In fact, 

using Galerkin approximation and the Chebyshev inner product, 

we obtain 

2 1 u 2 
1 XU* 

= - b I  - dx 5 lbl .-L. dx . 
-1 4 i T  -1 4 3  

Therefore, 

Proving stability. 

There are other attractive semi-implicit schemes for (9.45). 

For example, suppose a [x) is one-signed, say a (x) '0, and let 

max 
a = maxa(x) . Define LN as the Chebyshev approximation to ma x 

1 - - a  a with boundary conditions imposed at x = -1. A 2 max 5i 
semi-impl icit Chebyshev spectral scheme for (9.45) is 



i n  which  t h e  terms o n  t h e  l e f t  a r c !  t r c n t c d  imp1 i c i t l y  i l l  t i n ( > ,  

while t hosc  on t h e  r i g h t  a r c  t r c a t c J  o s p l l c i t l y .  itcre u i s  ma s 

a n  e s t i i , \ n t c  of thc I a r q e s t  v z l u c  of u (s, t) . S i m i l a r  scmi-inlpl i z i  l- 

methods are  cf f c c t i v c  i n  ttlimi!~at i n q  (or at l c a s t  rc ' l as i  119) t i ~ ~ t > -  

s t e p  r e s t r i c t i o n s  for  f i n i t e - d i f  fcl-c?t~~-~\ m c t h c d s .  Th,. k i y  idc;t 

is t o  r ecogn iz t .  tllc sour-cc tcr ln  o f  n numcricnl  i n s t a b i l i t y  a n d  t l l t s i !  

i i n p l i c i t l y .  



1 to -k 
3 2 

3 ' / 2 x  whcrc k = max k (x) . 'l'hc stmi-i;npl . i~ - i  t 2 mas mils 



f o r  inwriqxess ible  f l u i d  flow, t h e  t reatment  o f  t h e  var ious  

term should guided c loae lv  by t h e  type  o f  s t a b i l i t y  r e a t r i c t i o n s  

they impose. 

If v= 0 then w e  need only consider  t h e  types  o f  s t a b i l i t y  

r e s t r i c t i o n s  induced by t h e  advec t ive  t e r m  v and by t h e  

pressure  term ; we w i l l  no t  d i s c u s s  the e f f e c t  of t h e  

pressure  because it is  c lose ly  connected t o  t h e  incompress ibl i ty  
+ 

condi t ion V .u=O and is no t  r e l e v a n t  to t h e  semi-implici t  i deas  

discussed here. A t  a boundary of t h e  flow, it is app.-opriate t o  
-+ + -b 

spec i fy  boundary condi t ions  on u.n where n i s  t h e  normal 

to t h e  boundary. If t h e  boundary is  s o l i d  and s t a t i ona ry ,  then 
+ + 
u.n-0 and w e  are i n  a s i t u a t i o n  similar t o  t h a t  modelled by 

(9.50). The e f f e c t i v e  convective speed normtl t o  t h e  boundary 

vanishes, so s p e c t r a l  methods e x h i b i t  no unusual t i m e  s tepping 

r e s t r i c t i o n s .  However, i f  f l u i d  i s  being blown i n t o  o r  sucked 
+ + 

ou t  o f  t h e  boundary so  u.n#O, then semi-implici t  methods must 

be appl ied t o  avoid unreasonably r e s t r i c t i v e  condi t ions  l i k e  

(9.46) on t h e  time s t eps .  

I f  W O ,  then the  viscous t e r m s  i n  t h e  Navier-Stokes equations 

should be t r e a t e d  i m p l i c i t l y  t o  avoid unreasonable time s t e p  

r e a t r i c t i o n s  due t o  t h e  high r e s o l u t i o n  o f  s p e c t r a l  approximations 

near t h e  boundary. 



10. Efficient Implementation of Spectral Methods 

There are two aspect8 of the efficient implementation of 

spectral methods that we discuss here: (1) evaluation of 

derivatives; ( i i )  evaluation of nonlinear and nonconstant 

coefficient terms; (iii) rounaoff errora. More details on 

these matters are given elsewhere (see the keferences). 

Evaluation of derivatives 

An efficient procedure to obtain the expansion coefficients 

of derivatives of a function f (x) in terms of the expansion 

coefficients of f ( x )  is to use recurrence relations. For 

example, to evaluate the term 

N 

'n - 1  p a p  p=n+l 
p+n odd 

that appears in the Chebyshev equations (2.11), (2.191, and 

(2.32),we use the recurrence 

with SN SN+l = 0. In this way, Sn is evaluated for all n 

usi.ng only N arithmetic operations. The existence of the recurrence 

relation (10.1) is ensured by the recurrence property 



s a t i s l i e d  by t h c  Chcbyshev po lynomia l s .  S i m i l a r l y ,  i t  i s  p o s s i L l c  

I.. 

t o  d e r i v e  r e c u r r e n c e  r e l a t i o n s  to  e v a l u a t e  e f f i c i e n t l y  t h e  

c o e f f i c i e n t s  o f  a r b i t r a r y  d e r i v a t i v e s  of f u n c t i o n s  expanded i n  

Cllebyshcv and o t h e r  c l a s s i c a l  po lynomia l  e x p a n s i o n s .  

E v a l u a t i o n  o f  n o n l i n e a r  and n a n c o n s t a n t  c o c f f i c e i n t  terms 

The most e f f i c i e n t  way to  e v a l u a t e  n o n l i n e a r  and g e n e r a l  

n o ~ c o n s t a n t  terms i n  s p c c t r a l  a p p r o x i m a t i o n s  i s  t o  a p p l y  t r a n s f o r m  

netltods. The key i d e a  i s  t o  a p p l y  f a s t  F o u r i e r  t r a n s f o r m s  and o t h e r  

t r a n s f o r m s  t o  t r a n s f o r m  e f f i c i e n t l y  between s p e c t r a l  r e p r e s e n t a t i o n s  

o f  a f u n c t i o n  f ( x )  azd p h y s i c a l - s p a c e  representations of  f ( x ) .  

With Chebyshev polynominl  e s p a n s i o n s ,  f a s t  F o u r i e r  t r a n s f o r m s  p e r m i t  

t h e  e v a l u a t i o n  o f  a r b i t r a r y  n o n l i n e a r  and n o n c o n s t a n t  c o e f f i c i e n t s  

terms i n  o r d e r  N l o g  N a r i t h m e t i c  o p e r a t i o n s .  

I n  g e n e r a l ,  c o l l o c a t i o n  methods g i v e  a p p r o x i m a t i o n s  t o  n o n l i n e a r  

and n o n c o n s t a n t  cc z f f i c i e n t  p roblems t h a t  c a n  b e  more e f f i c i e n t l y  

implemented t h a n  G a l e r k i n  o r  t a u  a p p r o x i m a t i o n s .  C o l l o c a t i o n  i s  

recoriunended f o r  t h e s e  problems.  For example,  t h e  s o l . u t i o n  o f  the  

h y p e r b o l i c  problem 

u ( - 1 , t )  = 0 ,  

would b e  d i f f i c u l t  u s i n g  G a l c r k i n  o r  t a u  app rox ima t ion  b u t  is 

s t r a i g h t f o r w a r d  u s i n g  c o l l o c a t i o n  methods.  



N n ni u = Z all 
j 

COS - 
n=O N '  

Then wc invert ( 1 0 .  3 )  by thc fast Fouri.cr t rc insform to 

obtain a f o r  n = 0 , 1 , .  . . , N  and  ~ ~ ~ l c u l a t c  n 

and u s c  the r c s u l t s  t o  march tlic s o l u t i o n  f o n q n r d  t o  tllc n p s t  

time step. 

For q u a d r a t i c a l l y  hen: i n c a r  d i f  f t - r c n t i a l  c q u x t i o n s ,  likr t h c  

Navicr-Stokes equ;~t ions  o f  inco~np l -c~ : s i l~ I  c f l u i d  dynamics, G a l c \ r h l ~ \  

and tau approsi~n~~tions arc! w o r k a b l r  bu t  n o r m a l l y  r e q u i r e  at least 



twice the computational work of collocation approximation, However, 

GaZsrkin approximation is sometimes very attractive because it gives 

approximations that are conservative and have no so-called aliasing 

errors (see Orszag 1971c, 1972 for a more complete discussion of 

these properties) . 
Roundoff Errors 

Transform methods normally give no appreciable amplification 

of roundof f errors. In fact, the evaluation of con-.mlution-like 

sums using fast Fourier transforms often gives results with much 

smaller roundoff error than would be obtained if the convolution 

sums were evaluated directly. 

On the other hand, the use of recurx,encc relations to evaluate 

derivatives can sometimes be e source of large v-smdoff errors. 

In this case , it is oftez best to convert .xoblem being solved 
* - into a new one that is numerically well-con ~ n e d .  An example of 

I such a transformation is given below. 

Example 10.1: Solution of yn-ky=f (x) by Chebyshev polynomials 

3 The boundary-valud problem 

can be solved usinq a Chebyshev-tau approximation. The 

resulting approximation yN (x) is given by (see Appendix) 



P+n even 

where {tn} are t h e  Chebyshev series c o e f f i c i e n t s  o f  f ( x ) .  

The s o l u t i o n  o f  t h e  system (1C,4-5) f o r  t h e  Chebyshev 

c o e f f i c i e n t s  a may be done i n  s e v e r a l  ways. One obvious  
way to do t h i s  e f f i c i e n t l y  i s  t o  write 

Here a n  (1) s a t i s f i e s  aN = a (1 
N - 1  

= u and 

( 2 )  
w h i l e  an  

(2)  ( 2 )  
s a t i s f w s  a 

N 
= 1, a 

N-1 = 0 and 

and an ( 3 )  s a t i s f i e s  ax ( 3 )  = 0, aN-l= ( 3 )  1, and 

p+n even 

(1) ( 2 )  ( 3 )  Each o f  t h e  s o l u t i o n s  an , an an  may be found 

us ing  roughly  N o p e r a t i o n s  Ly backwards r e c u r r e n c e .  When 

t h e  c o n s t a n t s  a and B i n  (10.6) a r e  chosen s o  t h a t  t h e  

boundary c o n d i t i o n s  (10.5) a r e  s a t i s f i e d ,  a n  g iven  by 

(10.~1 s a t i s f i e s  i10.4-5).  

The above procedure  i s  e f f i c i e n t  b u t  it is n o t  u s u a l l y  
numer i ca l ly  s t a b l e .  Roundoff e r r o r s  niul:.iply rapid11 s o  t h a t  



a may have l i t t l e  s ign i f i c ance .  n 
A b e t t e r  procedure is to  f i r s t  conver t  (10.4-5) i n t o  a 

nea r ly  tx id iagonal  pcystem of  equat ions .  It may be shown t h a t  

(10.4-5) i s  equ iva len t  t o  t h e  system 

with t h e  boundary cond i t i ons  (10.5) still appl ied .  Here 

c -2, c =1 f o r  n>O and e,=l f o r  n<N, e n = O  f o r  n>N. The 0 n - 
system (10.5) , (10.7) may be  solved by s tandard  banded inatr ix 

techniques i n  roughly t h e  number o f  ope ra t i ons  requ i rzd  t o  
so lve  pentadiagonal systems o f  equat ions .  The equat ions  i n  t h e  
form (10.7) are e s s e n t i a l l y  d iagona l ly  dominant so no apprec iab le  

accumulation of  roundoff e r r o r s  occuiis. Th is  technique f o r  

s o l u t i o n  of  (10.2) is very usefu l  i n  implementing i m p l i c i t  

s p e c t r a l  methods f o r  d i s s i p a t i v e  terms and f o r  so lv ing  Poisson- 

l i k e  equat ions  (see Sec. 14)  . 



11. Numsrical  R e s u l t s  f o r  Hyperbol ic  Problem8 

W e  b e g i n  by p r e s e n t i n g  numer ica l  r e s u l t s  f o r  spectral approximat ion8  

to  t h e  problem 

whose exact s o l u t i o n  f s 

If g ( t )  is anmoth, u ( x , t )  is smooth f o r  

2 u l x , t )  18 n o t  smooth a t  x-t-1. 

(11.3) 

I x l <  1 when t>2; when 

I n  Sec.  2 w e  e x p l a i n e d  how to o b t a i n  s e m i - d i s c r e t e  G a l e r k i n ,  

t a u ,  and  c o l l o c a t i o n  approximat ion  to (11.1-2) u s i n g  e i t h e r  

Chebyshev or  t e g e n d r e  polynomial  expans ions .  I n  Sec.  9 ,  we showed 

t h a t  e i t h e r  Adams-Bashforth or modi f ied  E u l e r  t i m e  d i f f e r e n c i n g  g i v e s  

s t a b l e  and convergent  r e s u l t s  f o r  t h e s e  s p e c t r a l  approximat ions .  The 

numer ica l  r e s u l t s  c i t e d  i n  t h i s  S e c t i o n  were o b t a i n e d  by Adams-Bashforth 

t i m e - d i f f e r e n c i n g $  time s t e p s  were chosen small enough t h a t  t i m e -  

d i f f e r e n c i n g  errors are n e g l i g i b l e .  

Comparison o f  Chebyshev and Leqendre Polynomial S p e c t r a l  Methods for 

Smooth S o l u t i o n s  

When g (t) =-s in  Mnt, t h e  s o l u t i o n  (1 1.3) h a s  M complete  

waves w i t h m  j x l ~ l  when t b 2 .  A s  argued i n  Sec. 3, we e x p e c t  t h a t  

a c c u r a t e  r e n u l t s  w i l l  be o b t a i n e d  o n l y  i f  N>Mn polynomia ls  are 

r e t a i n e d .  



I n  Fig. 11.1, we p l o t  t h e  root-*an-aquare error f o r  1 x l ~ l  

averaged i n  t i m e  f o r  4<t<4.4 obta ined using t h e  Chebyshev - - 
approximations t o  (1 1.1-2) when g (t) = - s in  Snt . I n  t h i s  time 

i n t e r v a l ,  u ( x , t )  is  smooth f o r  1 x ( < l .  Observe t h a t  t h e  e r r o r s  - 
decrease  exponent ia l ly  f a s t  when N>Sn. Also observe t h a t  when t h e  

s p e c t r a l  approximations are r e l a t i v e l y  inaccura te  (errors g r e a t e r  

than roughly 1011, Galerkin approximation is most accurate followed 

by co l loca t ion  and then tau.  On t h e  o t h e r  hand, when t h e  s p e c t r a l  

approxhmtions  are very accurate (errors less than roughly 0 - S I ) ,  

t a u  approximation is m a t  accura te  followed by Galerkin and 

co l loca t ion .  This  behavior seems typ ica l .  Also observe from 

Fig. 11.1 t h a t  a l l  t h r e e  s p e c t r a l  approximations a r e  near ly  as 

accurate  a s  t h e  b e s t  (rms) Chebyshev appmximation; i n  f a c t ,  t a u  

approximation with N+l polynomials i s  usua l ly  more accura te  than 

t h e  b e s t  approximation w i t h  N polynomials. Here t h e  b e s t  ( r m s )  

Chebyshev approximation is t h a t  Nth degree polynomial t h a t  
1 

minimizes 2 1 - u (1-x2) -1'2dx. - 
In  Fig. 11.2, w e  make s i m i l a r  compariscns o f  t h e  e r r o r  i n  

s p e c t r a l  approximations using Legendre series f o r  t h e  problem 

( 1 0 1 2 )  wi th  g ( t )  = - s i n S n t  . Here too  t h e  e r r o r s  decrease 

exponent ia l ly  f a s c  when N25n. Again, t a u  approximation is more 

accura te  than Galerkin when both a r e  very accura te ,  while it is 

less accura te  when both are r e l a t i v e l y  inaccura te .  Also, tau 

approximation with  N+1 polynomials and Galerkin approximations 

with N+2 polynomials a r e  more accurate  than the  b e s t  Legendre 

approximation with N polynomials. Here t h e  b e s t  Legendre 

approximation is t h a t  Nth degree polynomial t h a t  minimizes 
v 



Fig. 11.1. A p lo t  of  the L2-errors i n  Chebyshev-spectral 
so lut ion  of (11.1-2) with g ( t )  - gr in  5nt. The errors  
are averaged i n  time over the in terva l  4<t<4.4;  the exact 
so lut ion  u ( x , t )  = s i n  Sn (%+I-t)  is smootF 'Throughout this 
ti- intema:. The b e s t  (rms) approximation is  given by 
(3.41) with I4 = 5 ,  a - 1-t  trundated a f t e r  TN ( x )  . Observe 
that the  errors  decrease rapidly for N > Sn. 



Fig. 11.2. Same as Fig. 11.1 except for Legendre-spectral 
molution of (11.1-2) with g(t) = - s in  Swt. Here tne best 
(mu) approximation is given by (3.45) w i t h  M = 5, a - 1-t 
truncated after PN(x).  



I n  Pig. 11.3-4 we p l o t  t h e  wror ~ ~ ( x , t )  i n  t h e  b e s t  

Chebyshev polynomial approximation to  s i n  5m(x+l-tj a t  t=4.  

Observe t h a t  $ ( x , t )  is n e a r l y  a n  ' equal  r i p p l e '  approximation 

(Acton 1970) so u N ( x t t )  i-s n e a r l y  a minimax approximation. 

I n  Figs .  11.5-8 w e  p l o t  t h e  errors ~ ~ ( x , t )  v e r s u s  x 

a t  4 obta ined  by numerical s o l u t i o n  of  Chebyshev s p e c t r a l  

approximations to (11.1-2) . As N i n c r e a s e s ,  t h e  t a u  method 

g i v e s  t h e  closest approximation to  an  e q u a l - r i p p l e  error, which 

is  c o n s i s t e n t  w i t h  t h e  r e s u l t  shown i n  Fig.  11.1 t h a t  t a u  approximation 

+iv& t h e  smallest errors a t  h igh accuracy.  

I n  Figs .  11.9-10, w e  p l o t  t h e  error i n  t h e  b e s t  

Legendre polynomial. approximation t o  s i n  5 r ( x  +1-t) a t  t=4.  

Observe t h a t  ~ ~ ( x . , t )  has l a r g e  errors near  t h e  boundar ies  

x = 1. By comparing t h e  results p l o t t e d  i n  F igs .  11.3-4 wi th  

t h o s e  p l o t t e d  ic  Figs .  11.9-10, w e  conclude t h a t  t h e  b e s t  Chebyshev 

polynomial epprox iua t ion  is closer to  an equal  r i p p l e  approximation 

than  is  t h e  b e s t  Legendre polynomial a p p r o x i m t i o n . h r e n  though t h e  

b e s t  Legendre polynomial approximation to  u ( x , t )  g i v e s  t h e  s m a l l e s t  

mean-square e r r o r  t o  u,  t h e  b e s t  Chebyshev polynomial approximation 

u s u a l l y  g i v e s  e. smaller v a l u e  of t h e  maximum po in twis r  (L,) e r r o r .  

The l a r g e  errors of  the  b e s t  Legendre approximation a r e  concen t ra ted  

near t h e  b u n d a r i e s  x = + l ,  whi le  t h e  Chebyshev weight  f u n c t i o n  

(1-x2) -li2 t e n d s  t o  d i s t r i b u t e  t h e  e r r o r s  i n  t h e  b e s t  Chebyshev 

approximation uniformly throughout - l < x < l .  - - 



















I n  F igs .  11.11-13, we p l o t  t h e  errors c N ( x , t )  a t  t -4  

obta ined by numerical s o l u t i o n  o f  Legendre s p e c t r a l  a p p r o x i m a t ~ o n s  

to  (11.1-2) . AS for Chebyshev-spectral approximations,  t h e  error 

i n  Legendre-tau approxinat ion  i 8  smaller than  t h a t  i n  Legendre- 

Galerkin approximation. 

One important  f e a t u r e  o f  Legendre-spectral  approximation is  

t h a t  t h e  s p a t i a l  d i s t r i b u t i o n  o f  t h e  error i n  t a u  and Galerkin  

approximation p l o t t e d  i n  Figs .  11.11-13 d i f f e r s  markedly from 

t h e  s p a t i a l  d i s t r i b u t i o n  o f  t h e  error i n  t h e  b e ~ t ~ e ~ e n d r e  

polynomial approximations p l o t t e d  i n  Figs .  11.9-10. The boundary 

e r r o r s  i n  t h e  b e s t  L2 approximation a r e  r e l a t i v e l y  l a r g e  whi le  

t h e  boundary errors are r e l a t i v e l y  s m a l l e r  i n  t h e  s p e c t r a l  

approximations. 

The boundary (endpoint)  errors i n  Legendre-tau approximation 

e x h i b i t  'auperconvergencev in t h e  s e n s e  t h a t  t h e y  go to  ze ro  much 

f a s t e r  than e i t h e r  t h e  L2 - errors o r  t h e  L2 and endpoint  errors 

of Chebyshev-tau approximation. Th i s  f a c t  is i l l u s t r a t e d  i n  Fig . l l .14  

where w e  p l o t  t h e  L2 and elrdpoint errors o f  Legendre-tall and 

Chebyshev-tlu s p e c t r a l  approximations to t h e  s o l u t i o n  o f  (11.1-2) 

wi th  g ( t )  =-sin 5 n t  . Here t h e  endpoint  e r r o r  is  I t+,,(+l,t) - u ( + l , t ) l  

a t  t h e  m t f l o w  boundary x= + l .  

Severa l  f e a t u r e s  o f  t h e  r e s u l t s  p l o t t e d  i n  Fig.  1 1 . 1 4  dese rve  

conment. F i r s t ,  d t h o u g h  t h e  maximum error o f  t h e  b e s t  N - t e r m  . 

Chebyshev polynomial approximation is smal le r  than  t h e  maximum 

e r r o r  o f  t h e  b e s t  Legendre polynomial approximation t o  u ( x , t )  by 

roughly a f a c t o r  l/fi [see  (3.38) and ( 3.39) ] , t h e  maximum e r r o r  

o f  t h e  Legendre-tau approximation i s  smaller thnn t h e  maximum e r r o r  









Fig. 11.11 A comparison of the Chebyshev-tau and Legendre- 
tau L and endpoint ( x  - +1) errors for the solution to (11.1-2) 
w i t h  a(t) = -sin 5nt. 



o f  t h e  Chebyahev-tau approximation. Second, t h e  endpoint  error a t  

1 o f  the Legendre-tau approximation goes to ze ro  l i k e  t h e  square  

of t h e  endpoint  e r r o r  o f  t h e  Chebyshev-tau approximation. Th i s  

remarkable behavior  o f  endgoint  errors i n  Legendre-polynomial 

approximations was found o r i g i i n a l l y  by Lanczos i n  a s l i g h t l y  

d i f f e r e n t  c o n t e x t  [Lacrzos 1966 (p, 156) , 19731. 

A mathematical a n a l y s i s  o f  t h e  e r r o r s  o f  s p e c t r a l  approximations 

to  (11.1-2) h a s  been given r e c e n t l y  by Dubiner (1977) . Dubiner 's  

r e s u l t s  include:  (a) asymptot ic  estimates o f  t h e  errors incur red  

by t h e  v a r i o u s  s p e c t r a l  methods, i n c l u d i n g  error o s c i l l a t i o n s  when 

t h e  s o l u t i o n  is smocth; (b: a c o n p l e t e  boundary l a y e r  d e s c r i p t i o n  

o f  t h e  decay of  l a r g e  errors due to  d i s c o n t i n u i t i e s  a f t e r  t h e  

d i s c o n t i n u i t i e s  propagate o u t  o f  t h e  computat ional  domain; ( c )  

a n a l y s i s  o f  t h e  behavior o f  t h e  tau-funct ion  T (t) i n  (2.34) . Dubiner 

h a s  analyzed a v a r i e t y  of  s p e c t r a l  methods f o r  (11.1-2) based on 

expansions  i n  genera l  J a c o b i  poJ-ynomials. H i s  ingenious  a n a l y s e s  

o f  t a u  methods should permit  more complete a n a l y s i s  o f  t h e s e  

methods than p o s s i b l e  us ing  e a r l i e r  a p o s t e r i o r i  a n a l y s i s  (see Fox - 
6 Parker  1968 f o r  examples o f  - a p o s t i e r i o r i  e r r o r  a n a l y s i s  of  t a u  

methods).  

Mesh Refinement 

Sometimes it i s  u s e f u l  t o  s p l i t  up a domain i n t o  s e v e r a l  

subdomains and then use numerical methods o f  d i f f e r e n t  s p a t i a l  

r e s o l u t i o n  i n  each. For example, i n  l imi ted-a rea  numerical weather 

f o r e c a s t i n g  nea r  a metropol i tan  a r e a ,  it may be d e s i r a b l e  t o  hcve 

much f i n e r  r e s o l u t i o n  i n  a smal l  region than  is  p r a c t i c a l  g l o b a l l y .  

One way to  do t h i s  is t o  s o l v e  t h e  problem s e p a r a t e l y  o n  each 



of aavetal rubdorains and then  to  match the numerical  solutions 

so o b t a i n d  acrasm subdomain boundaries .  As a model of t h i s  
4 1 

Procedure we cons ide r  the problem 

With f i n i t e  d i f f e r e n c e  methods, t h e  a c c u r a t e  s o l u t i o n  of  t h e  coupled 

system (11.4.5) us ing  d i f f e r e n t  g r i d s  f o r  -1<x<1 - - than  f o r  

1<x<3  - - may be troublesome. I n a c c u r a t e  r e s u l t s  or  even numerical 

i n s t a b i l i t i e s  can result from t h e  matching (Browning, Kreiss h O l i g e r  

1973) .  Because g r i d s  with d i f f e r e n t  g r i d  s e p a r a t i o n s  have d i f f e r e n t  

d i s p e r s i o n  c h a r a c t e r i s t i c s  f o r  waves propagat ing  on t h e  g r i d ,  

waves can r e f l e c t  from the boundary a t  x = l  and cause  l a r g e  

e r r o r s .  

S p e c t r a l  met'mds are a t t r a c t i v e  f o r  t h e  s o l u t i o n  of  mesh 

ref inement  problems l i k e  (11-4-5) be- me they  g i v e  small endpoint  

errors. For examble, t h e  Chebyshev-tau approximation to  (11.4-5; 

w i t h  N+l polynomials t o  r e p r e s e n t  t h e  s o l u t i c n  f o r  - l < x < l  - - and 

M+1 polynomials f o r  l c x < 3  - - i s  given by 



dan N 
- =  - - 
d t  c 1 n  p=n+l 'P 

p+n odd 

p+m odd 

It  may e a s i l y  be  shown t h a t  i f  g ( t )  i s  smooth, t h e  s o l u t i o n  t o  

(11.6-11) converges t o  t h e  s o l u t i o n  o f  (11.4-5) throughout  

-1<x<3 - - f a s t e r  than  any f i n i t e  power 1 / N  or 1 / M  a s  N ,  M+m. 

! The s o l u t i o n s  f o r  - l < x c l  - - and 1 ~ ~ ~ 3  - match wi thout  t h e  

n e c e s s i t y  of  imposing any matching c o n d i t i o n s  i n  a d d i t i o n  t o  

( 1 . 5 )  . Because no spur ious  downstream boundary c o n d i t i o n s  

a r e  app l i ed  a t  x=+l on t h e  wave propagat ing  in t h e  i n t e r v a l  

- 1 ~ ~ ~ 1 ,  t h e r e  a r e  no r e f l e c t e d  waves. 



One more example o f  a refined mesh spectral  ca lcu lat ion  

is  ins truct ive .  Consider the  heat equation problem 

where (11.12d) fo l lows  by requiring cont inuity  of  temperr-iure and 

heat f lux  across the  boundary a t  r l .  A Chebyshev-tan apprsxiidaticn 

t o  (11.12) is given by 



p+n even  

d b  
-.- m L 1.. 2 2 ( oLp+ 2 
dt' c, 

rn p+m odd 

I t  may be  shown a o  i n  Example 7 . l ( v )  t h a t  t h i s  approximat ion  is  

semi-bounded and  hence s t a b l e  and  convergent .  

D i s c o n t i n u i t i e s  

%hen t c 2 ,  t h e  s o l u t i o n  (11.3) t o  (11.1-2) i s  n o t  

t m o t h  a t  xrt-1; i f  q ( t )  = s i n M v t  , t h e  s o l u t i o n  h a s  a 

d i s c o n t i n u o u s  d e r i v a t i v e .  T h i s  d i s c o n t i n u i t y  s e r i o u s l y  d e g r a d e s  

t h e  rate o f  convergence o f  s p e c t r a l  app rox ima t ions  n e a r  t h e  

d i s c o n t i n u i t y .  N e v e r t h e l e s s ,  s p e c t r a l  app rox ima t ions  a r e  still  

normally  much more a c c u r a t e  t h a n  f i n i t e - d i f f e r e n c e  app rox ima t ions  

t o  t h e  same problem. Orszag & Jayne  (1974) g i v e  comparisons 

betweon f i n i t e - d i f f e r e n c e  and s p e c t r a l  app rox ima t ions  to  

d i s c o n t i n u o u s  s o l u t i o n s ;  i n  p a r t i c u l a r ,  t h e y  a r g u e  t h a t  i f  t h e  

p t h  d e r i v a t i v e  o f  t h e  s o l u t i o n  is d i s c o n t i n u o u s ,  t h e  ra te  o f  

Lmvergence  o f  Chebyshev-spectral  approximat ions  to  (11.1-3) f o r  

t c 2  i s  of o r d e r  1 / ~ ~  a s  N+w. Dubiner (1977) h a s  g iven  a d e t a i l e d  

agymptot ic  a n a l y s i s  o f  t h i s  problem. H i s  r e s u l t s  i n c l u d e  d e t a i l e d  



behavior  of the error f o r  a l l  x  and t and a r e  i n  good agreement 

with numerical solutions. 

One of t h e  a t t r a c t i v e  f e a t u r e s  o f  s p e c t r a l  methods f o r  prohlems 

wi th  d i s c o n t i n u i t i e s  i s  t h a t  t h e  reg ion  of l a r g e  errors is more 

l o c a l i z e d  near  t h e  d i s c o n t i n u i t y  than  i n  f i n i t e - d i f f e r e n c e  methods. 

Thus, it should be p o s s i b l e  t o  e l i m i n a t e  o s c i l l a t i o n s  near  t h e  

d i c c o n t i n d i t y  us ing  less d i s s i p a t i o n  than  is  r e q u i r e d  when f i n i t e  

d i f f e r e n c e  methods a r e  used. A comparison o f  t h e  error i n  Chebyehev- 

t a u  and second and four th-order  s o l u t i o n s  o f  (11.1-2) f o r  t < 2  is  

given i n  Fig.  11.15. 

Another in t .e res t ing  way t o  use  s p e c t r a l  methods f o r  problems 

wi th  d i scon t inuous  s o l u t i o n s  has  been sugges ted  by Bor i s  6 Book 

(1976).  The "optimal f lux-cor rec ted  t r a n s p r t "  approximation 

g i v e s  good r e s o l u t i o n  of d i s c o n t i n u i t i e t  wi thout  i n t r o d u c t i o n  of 

unphysical  numerical o s c i l l a t i o n s  near t h e  d i s c o n t i n u i t y .  The i d e a  

is t o  add i n  an a r t i f i c i a l  d i f f u s i o n  t o  smooth t h e  d i s c o n t i n u i t y  and 

then to  ' a n t i - d i f f u s e '  t h e  r e s u l t i n g  s o l u t i o n  i n  such a way t h a t  no 

new o s c i l l a t i o n s  o r  maxima/minima a r e  produced. 

Comparison wi th  F i n i t e  Di f fe rence  Methods 

F i n i t e - d i f f e r e n c e  approximations t o  (11.1-2) must be 

formulated c a r e f u l l y  near  t h e  boundar ies  x =t 1. For example, 

the four th-order  semi-discre te  approximation 

where u  ( t )  = u ( ] A x , ~ ) ,  
j 

must be modif ied a t  x=-l+Ax, l -Ax,l  

because u(- l-Ax,t)  , u( l+Ax, t )  , u  jl+2Ax, t) a l l  l i e  o u t s i d e  t h e  
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computat ional  domain - 1  Kreiss & C l i g e r  (1973) d i s c u s s  

methods to formulate d i f f e r e n c e  approximations a t  t h e s e  g r i d  

p o i n t s .  Hcwever, it is n o t  known how t o  formula te  a p p r o p r i a t e  

@boundary1 c o n d i t ' m s  f o r  a r b i t r a r y  o r d e r  d i f f e r e n c e  schemes. 

This d i f f F c u l t y  i s  an a r t i f a c t  o f  d i f f e r e n c e  methods; a four th -  

o r d e r  d i f f e r e n c e  qua t ion  r e q u i r e s  4@boundary1 c o n d i t i o n s  whi le  

on ly  1 c o n d i t i o ~  (11.2) is proper ly  imposed on t h e  f i r s t - o r d e r  

d i f f e r e n t i a l  equat ion  (11.1). 

On t h e  o t h e r  hand, p roper ly  formulated s p e c t r a l  methods 

r e q u i r e  no @ s p u r r o u s l  boundary cond i t ions .  Indeed, t h e  imposi t ion  

o f  a spur ious  boundary c o n d i t i o n  on a s p e c t r a l  appro;;imation t o  

1 1 ,  l i k e  a u / a x =  0 a t x S + 1 ,  w i l l  induce an uncondi t ional  

i n s t a b i l i t y  (see S e c t s .  8 , 1 2 ) .  The mathematics of  s p e c t r a l  

approximations fo l lows c l o s e l y  t h e  mathematics of  t h e  d i f f e r e n t i a l  

equat icn  being solved.  

S p e c t r a l  approximations aJ.so r e q u i r e  cons ide rab ly  fewer degrees  

of  freed0.n t o  achieve  a c c r r a t e  r e s u l t s  than  a r e  r e q u i r e d  by 

d i f f e r e n c e  methods. A corrp?~rison f o r  t h e  problem (11.1-2) is 

glven i n  Table 11.1 f o r  l a t e  times a t  which t h e  s o l u t i o n  i s  smooth. 

I n  F i g s .  11.15-19 w e  show three-dimensional  p e r s p e c t i v e  p l o t s  

of  t h e  s o l u t i o n  t o  a s imple  two-dimen5ional hyperbo l i c  problem wi th  

p e r i o d i c  boundary 

aA(x ,y , t )  - 
a t  



Table 11.1 

Table 11.1. L2 (rms) e r r o r s  f o r  t h e  s o l u t i o n  of (11.1-2) w i t h  

g ( t )  = sinM v t .  The e r r o r s  l i s t e d  a r e  measured a t  t = F  when t h e  

s o l u t i o n  (11.3) is smooth. Time d i f f e r e n c i n g  e r r o r s  a r e  n e g l i f j i b l e  

and N is t h e  number of g r i d  p o i n t s  or Chbyshev  polynomials.  

Observe t h a t  t o  ach ieve  a 1% error, t h e  second-order m t h o d  r e q u i r e s  

N/Mt40, the four th-order  method r e q u i s e s  N/~?15 ,  w h i l e  t h e  

Chebyshev-tau method r e q u i r e s  N/M2n. 



The s o l u t i o n  t o  ( 1 1 . 1 4 )  i s  c o n s t a n t  a long t h e  c h a r a c t e r i s t i c s  

it x+iy= (xO + i y o ) e  . Therefore,  X ( x , y , h ) r  A(x,y,O) so 

t h e  s o l u t i o n  should keep A unchanged a f t e r  a t i m e  2n. I n  

Fig.  11.16, w e  p l o t  t h e  i n i t i a l  c o n d i t i o n s  used f o r  t h e  c a l c u l a t i o n  

whose r e s u l t s  a r e  p l o t t e d  i n  Figs .  11.17-19. I n  Fig .  11.17 w e  p l o t  

t h e  r e s u l t s  a t  t=27 o f  a second-order cen te red  space  d i f f e r e n c e  

scheme; i n  Fig.  11.18 w e  p l o t  t h e  r e s u l t s  of a four th-order  scheme 

and i n  F ig .  11.19 we p l o t  t h e  r e s u l t s  o f  a s p e c t r a l  c a l c u l a t i o n  

using t h z  Four ie r  expansion 

A l l  t h r e e  c a l c u l a t i o n s  used t h e  same number o f  degrees  cf freedom 

b u t  t h e  d i f f e r e n c e s  i n  accuracy a r e  striking. The F o u r i e r - s p e c t r a l  

method works w e l l  even though t h e  convect ing v e l o c i t y  (-y,x) i n  

( 1 1 . 1 4 )  has  jump d i s c o n t i n u i t i e s  a t  x=?2.n, y=+211. The dominant 

error i n  a l l  t h r e e  c a l c u l a t i o n s  o r i g i n a t e s  from t h e  ' c o r n e r s '  o f  

t h e  i q i t i a l  A(x,y,O) d i s t r i b u t i o n ;  t h u s  e r r o r  appears  a s  a l a r g e  

lagging phase error i n  t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n s  which exp lan ins  .. - 
t h e  'wakes' of  l a r g e  e r r o r s  fol lowing t h e  remnants o f  A(x,y,Zn).  

Higher-Order - Wave Equations 

T.ie mixed in i t i a l -boundary  va lue  
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is  w e l l  posed. Legendre polynomial s o l u t i o n  o f  (11.15-17) is  

semi-bounded and, hence s t a b l e  (see Sec.  7 ) .  However, we have n o t  

y e t  been a b l e  t o  prove t h a t  Chebyshev s o l u t i o n  o f  t h i s  problem i s  

e v e r  a l g e b r a i c a l l y  s t a b l e .  The t e c h n i q u e s  o f  Sec. 8 prove t h a t  

i f  t h e  boundary c o n d i t i o n s  (11.16) are rep laced  by t h e  c h a r a c t e r i s t i c  

c o n d i t i o n s  

t h e  scheme is  a l g e b r a i c a l l y  s t a b l e .  However, w e  have n o t  y e t  

been a b l e  to prove t h i s  resdit f o r  (11 . l 6 ) .  However, i t  is 

r e a s s u r i n g  t o  n o t e  t h a t  w e  have s o l v e d  t h e  Cheybshev-spectral  

approximations t o  (11.15-17) and f i n d  no evidence  of l a c k  o f  

convergence. Indeed,  t h e  Chebyshev methods work j u s t  as  w e l l  a s  

they  d~ f o r  1 1 1 - 2  . Thus, it is  n o t  t h e  s p e c t r a l  methods t h a t  

run i n t o  d i f f i c u l t y  on h igher-order  e q u a t i o n s ,  b u t  j u s t  o u r  

methods of  a n a l y s i s .  



12. Advoctive-Diffusion Equation 

I n  this s e c t i o n ,  we cons ide r  s p e c t r a l  methods for  t h e  

advec t ive -d i f fus ion  ( ' l i n e a r i z e d  Burgers ' )  equa t ion  

Eq. (12.1) is p a r a b o l i c  so boundary c o n d i t i o n s  should be a p p l i e d  

a t  both x = -1 and x = +1 . When v is  small, t h e  boundary 

cond i t ion  a p p l i e d  a t  x = +1 (assuming U , 0) has  an i n t e r e s t i n g  

e f f e c t  on t h e  s t a b i l i t y  of  t h e  s p e c t r a l  methods. 

To begin, we remark t h a t  t h e  a n a l y s e s  of  Sec t s .  3-8 can be 

extended t o  show t h a t ,  as W + -, N - t e r m  Legendie and Chebyshev 

approximations t o  (12.1-3) a r e  s t a b l e  and convergent .  

For  example, Chebyshev-,Galerkin approximation is s t a b l e  

because (12.1-2) and (7 .3)  i m p l y  t h a t  

s o  t h e  approximation is  semi-bounded. 
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However, f o r  f i n i t e  N ,  t h e r e  may be d i f f i c u l t y  i n t e g r a t i n g  

t h e  r e s u l t i n g  s p e c t r a l  e q u a t i o n s .  With Legendre p l y n o m i a l a ,  
* 

Gale rk in  approximat ion  LN to  (12.1-3) s a t i s f i e s  L + LN 5 C N 

s o  t h e r e  i s  no d i f f i c u l t y  w i t h  time i n t e g r a t i o n s  ( a l t h o u g h  t h e  

s o l u t i o n  may n o t  be a c c u r a t e  u n l e s s  N is  l a r g e  enough. 

On t h e  o t h e r  hand, Chebyshev-spec t ra l  s o l u t i o n  o f  (12.1-3) 

e n c o u n t e r s  t h e  f o l l o w i n g  c u r i o u s  behav io r  when v i s  sma l l .  

I f  u/U is  small and N is  n o t  too l a r g e ,  t h e  Chebyshev- spec t r a l  

approximat ions  LN to  (12.1-3) have e igenva l i l e s  w i t h  p c l s i t i v e  

real p a r t s .  I n  Tab le  12 .1 ,  w e  l i s t  v a l u e s  o f  NCrit f o r  var i o u s  

v a l u e s  o f  v/u; f o r  N < N c r i t ,  LN f o r  Chebyshev-tau 

approximat ion  t o  (12.1-3) h a s  e i g e n v a l u e s  w i t h  p o s i t i v e  real 

p a r t s .  S i n c e  t h e s e  e i g e n v a l u e s  may have modera t e ly  l a r g e  r e a l  

p a r t s  [ t h e y  can  be a s  l a r g e  a s  u2/2v by (12.4)  1 , t h e r e  may 

be r a p i d  growth o f  e r r o r s  and numer ica l  s o l u t i o n  o f  t h e  

Chebyshev-spectral  e q u a t i o n s  may appea r  u n s t a b l e  and d i v e r g e n t .  

For  N 2 Noit , t h e r e  are no  e i g e n v a l u e s  o f  LN w i t h  p o s i t i v e  

r e a l  p a r t s  s o  t h e  s p e c t r a l  e q u a t i o n s  &re s t a b l e .  

The o r i g i n  o f  t h i s  t empora l  i n s t a b i l i t y  is t h e  ou t f low 

boundary l a y e r  a t  x = *I ; when U > 0 ,  t h e  s o l u t i o n  t o  

(12.1-3) deve lops  a r e g i o n  o f  r a p i d  change of wid th  roughly  

v/U n e a r  x - +1 a s  t i n c r e a s e s ,  S i n c e  rough ly  3(U/v) 1/2 

Chebyshev polynomia ls  a r e  r e q u i r e d  t o  r e s o l v e  a boundary l a y e r  

7, ( ~ J / v )  o f  wid th  v/U [see ( 3 . 5 0 ) ] ,  w e  e x p e c t  t h a t  NCrit  1/2 

so v ~ 2 ~ ~ ~ / ~  + 9 . I n  f a c t ,  a s  shown i n  Table  12.1,  t h e  

c r i t e r i o n  is  a c t u a l l y  vNcrit U + 4 .  [S ince  t h e  Chebyshev norm 

o f  expc-Uta/ax) i s  roughly  dl4 (see Sec .  81,  w e  expec t  

t h a t  t h e  p rope r  s c a l i n g  of  Norit  is b e t t e r  r e p r e s e n t e d  a s  

'I4 /U d 1 . 3 .  A s  shown i n  Table  12.1,  t h l s  modi f ied  s c a l i n g  is 'INcri t 

more n e a r l y  s a t i s f i e d  f o r  t h e  r ange  of v c o n s i d e r e d . ]  
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TABLE 12.3. 

C : Table 12.1 Critical values Ncrit of the number of Chebyshev 

polynomials necessary that the tau approximation to the operator 

2 -Uau/ax + va u/ax2 with u(t1) = 0 have no eigenvalue with 
c; 

positive real parts. Also listed are the inverse 'grid Reynolds 

numbert vNgrit/u and the parameter vNcrit 'I4 /U . 



If Chebyshev-spectral approximations to (12.1-3) are 

The Lie formula (5.8) does 

IJexp[($+BN)tl 1 1  5 

solved using fractional time-step methods, the temporal 

instability for N < ?Icrit appears in a unique way. Define 

the operator % a8 an N-mode Chebyshev approximation to the 

operator -Uau/ax with the boundary condition u(-1) = 0 

and the operator BN as an N-mode Chebyshev approximation 

2 
to the operator va u/ax2 with ~ ( 2 1 )  = 0. Then the 

evolution operator of (12.1-2) is exp [ (l\N+BN) t J so a 

fractional step method involves the splitting 

auN/at = a1uN/at+ a2+/at where 

For any values of v and U > 0, the fractional step 

aluN/at is algebraically stable since llexp st11 = O(N 1/4) 

(see Sec. 8 ) ,  while the fractional step aZuN/at is stable 

since i l  exp BNt 1 1  5 1 (see Sec. 7) . Nevertheless, 

1 1  exp [ ( R ~ + B ~ )  tl 1 1  can grow rapidly with t. The reason is 

that AN and BN do not commute so it is not true that 

Ilexp[ (%+B~) t l  1 1  < llexp A N t l l  llexp B N t l l  
ensure that 



However, au n + o, 

with C > 0 (see Sec. 8) ua 

Therefore the Lie formula gives only the w r y  weak upper bound 

In summary, Chebyshev-spectral approximations to (12.1-3) 

give fractional step methods ~ u c h  that each fractional step 

is algebraically stable while the total step is unstable 

u?lrss ' Ncrit 
If the bouni.ary conditions (12.2) are replaced by 

when U > 0, the criterion for temporal stability is relaxed 

2 significantly. As shown in Table 12.2, the value of vNcrit/U 

is decreased to roughly 1-6. However, the growing modes that 

appear when N < N crit are much tamer than those that appear 

when the boundary condition u(+l, t) 0 is applie5, so 
. .. - 

accurate time integrations can still be obtained when 

V N ~ / U  $ 0.01 (see Paidvogel 1977)  . 



TABLE 12.2 

-- 

2.5 lo-) 21 0.52 

Table 12.2. Critical values Ncrit of the number of 

Chebyshev polynomials necessary that the tau approxima- 

2 tion to the operator -uau/a~ + va u/ax2 with 

( - 1  = 0, au(+l)/ax = 0 and U > 0 have no 

eigenvalues with positive real parts. The parameter 

'I4 /U is also listed. VNcrit 



13. Models o f  Xncmpreus ib le  F l u i d  bynamicm 

The Stoker  equa t ions  f o r  law Reynolds number, two- 

dimensional  incompress ib le  flow a r e  

where 3 i e  t h e  v e l o c i t y  f i e l d ,  p  is t h e  p r e s s u r e ,  and v is  

t h e  k inemat ic  v i s c o s i t y .  With t h e  boundary c o n d i t i o n s  t h a t  
+ 
v = 0 on r i g i d  s t a t i o n a r y  boundar ies ,  t h e  problem (13.1) is 

w e l l  posed f o r  any v > 0 .  An e q u i v a l e n t  formula t ion  is given 

by t h e  vorticity-streamfunction equa t ions  

ob ta ined  by t a k i n g  t h e  c u r l  of the Stokes e q u a t i o n s  (13.1). Here 

$ is t h e  s t reamfunct ion  de f ined  by = (-a$/ay,a$/ax) and r 
is t h e  v o r t i c i t y .  

A one-dimensi.ona1 model of (13.2 ) is 
- 

On s t a t i o n a r y  r i g i d  w a l l s ,  t h e  boundary c o n d i t i o n s  f o r  : 3-4) a r e  

There is one s ~ b t l e t y  i n  t h e  a p p l i c a t i o n  of s p e c t r a l  methods 

t o  (13.3-5) t h a t  does n o t  appear d i r e c t l y  when the p r i m i t i v e  

equa t ions  (13.1) a r e  used. I t  is  necessary  t o  me some c a r e  

t o  avoid uncond i t iona l  numerical i n s t a b i l i t y  wi th  the Chebyshev- 

t a u  method. 
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The most obr ious  way t o  use  t h e  t a u  method t o  s o l v e  

(13.305) i s  t o  r u b s t i t u t e  (13.4) i n t o  (13 . 3 )  and s o l v e  

by expanalng $ ( x , t )  i n  tP.% Chebyshev series 

w n o t i n g  by t h e  Chobyahev expansion c o e f f i c i e r i t s  of aq$/3xq 

(see A.201 , t h e  t a u  equar ions  f o r  (13.5-6) are 

UnfortrinatsPy, t h i s  method f o r  s o l u t i o n  of (13.3-5) is 

uncsnd5t ional ly  u n s t a b l e  a s  N + -. I n  Table 13.1, we l i s t  
. .. 

t h e  l a r g e s t  p o s i t i v e  e igenvalue  Am= of (13.8-9) ; t h e r e  is 

a s o 1 3 ~ t i o n  of  (13.8-9) t h i :  grows l i re a n ( t j  = an(0)exp(A,,,t). 

Since  4 
'max grows l i k e  N a s  N + w ,  e r r o r s  a l s o  grow r a p i d l y  

a s  N + f o r  f i x e d  t. This  method i~ unusable f o r  + h e -  

dependent c a l c u l a t i o n s .  

I n  Table 13.1, we a l s o  l i s t .  t h e  v d u e s  of A, f o r  n = 1 ,5 ,  

wuere t h e  e igenvalues  of (13.8-S) are ordered  ,ccording t o  

A A . . The exac t  e igenvalues  of (13.3-5) a r e  

found by seek ing  s o l u t i o n s  of  t h e s e  equa t ions  of t h e  form 

$ ( x , t )  = $ ( x ) e x p ( A t ) ,  c ( x , t )  = < ( x ) e x p ( A t ) .  I t  may be  e a s i l y  

v e r i f i e d  t h a t  the e x a c t  e igenvalues  of (13.3-5) are given by 

2 A = - w i t h  p = nn or any nonzero s o l u t i o n  of t h e  t r anscenden ta l  

equat ion  t a n  p - p. The e x a c t  va lues  of A .  and A 5  a r e  a l s o  listec! 
A 



Table 13.1 

Exact -9.8696041 - 88.86244 1 
Tabis 13.1. Eigenvalues of the tau appioximation (13.8-9) 

to (13.6-7). The 3-4 eigenvalues are ordered so that 

Al l  2 1 X Z l  - . . - < 1 AN.-41 -A11 the eigenvalues are real. 
The largert positive eigenvalue Am- a 'N-4' 



i n  T a b l e  13.1. E v i d e n t l y ,  even  though (13.8-9) is u n s t a b l e  a s  

N + ", it does  a good job of  r ep roduc ing  t h e  low-n modest 

approximate ly  / ! A n  I Chabyshev polynomia ls  are r e q u i r e d  t o  

resolve t h e  mode w i t h  e i g e n v a l u e  a. Thus,  t h i s  v e r s i o n  

o f  t h e  t a u  method may b e  u s e f u l  f o r  e i g e n v a l u e  c a l c u l a t i o n s  

even  though it is u n c o n d i t i o n a l l y  u n s t a b l e  f o r  t h e  i n i t i a l -  

v a l u e  problem (13.3-5) (as evidenced  by t h e  s p u r i o u s  u n s t a b l e  

modes w i t h  e i g e n v a l u e s  as l a r g e  a s  b,). 
The t a u  method behaves  s i m i l a r l y  when a p p l i e d  t o  more 

d i f f i c u l t  problems,  l i k e  t h e  Orr-Sommerfeld e q u a t i o n  f o r  

l i n e a r  s t a b i l i t y  a n a l y s i s  o f  i n c o m p r e s s i b l e  p l a n e - p a r a l l e l  

s h e a r  f lows.  Low modes are g i v e n  a c c u r a t e l y  by t h e  ana log  

o f  (13.8-3) (see Orszaq 1971 1 ,  b u t  t h e r e  appea r  s p u r i o u s  

u n s t a b l e  modes w i t h  l a r g e  growth r a t e s .  S i m i l a r  s p u r i o u s  

u n s t a b l e  modes a p p e a r  i n  f i n i t e - d i f f e r e n c e  s c l u t f o n  of  t h e  

Orr-Sommerfeld e q u a t i o n  (see Gary & Helqason 1970) .  

There  is a s i m p l e  method to  avo id  t h e  sp l i r ious  u n s t a b l e  

modes encoun te red  by (13.8-9). The t e c h n i q u e  t o  be d e s c r i b e d  

below also e l i m i n a t e s  t h e  s p u r i o u s  u n s t a b l e  modes encoun te red  

i n  s o l u t i o n  of t h e  Orr-Sommerfeld e q u a t i o n .  The i d e ~  1s 

s i a p l y  n o t  t o  combine (13.3-4) i n t o  (13.6) .  Ra the r ,  w e  

expand z;:x,t) as i n  
N 

an2 solve 

( 2 )  
bn P an (0 2 n - < N-2), 

i n  a d d i t i o n  t o  (13.9) .  Here w e  have dropped two e q u a t i o n s  
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from the Chebyahev modal equations that re8ult from (13.? 4 ) .  

The logic of this modification of the tau method ia as follows. 

Application cf (13.8) for 0 5 n 5 N-4 is equivalent to 

application of (13.12) for 0 - < n - < N together with (13.11) for 

0 - < n - < N-4. On physical grounds, we may expect that this 

procedure will lead to instability because the boundary conditions 

$ = 0 at x = fl should be imposed on (13.4) not (13.3), while 

the boundary conditions Ox - 0 at x = tl should be imposed on 

(13.3) only when v > 0. On the other hand, when the system 

is truncated as in (13.11-12), each of the dynamical equations 

can play their proper role in adjusting the bcundaxy conditions: 

the bcundary conditions $ = 0 are imposed on ('3.12) while 

the boundary conditions 0, = 0 are inposed on (13.11) . 
We shall now prove that (13.11-121 is stable for the 

special case in which N is even with aZn+l = b2n+1 = 0 for 

all n, t 2 0. In this case, $(x,t) and c(x,t) are even functions 

of x. To hegin , we observe that (13.11) is equivalent to 

Therefore, 

Since JI is an even function of x, it follows hy integration with 

respect to x that 



I 

~ l s o ,  s i n c e  $ ( x , t )  i s  a polynomial of  degree  N t h a t  s a t i s f i e s  

1 t = 0,  i n t e g r a t i o n  by p a r t s  g i v e s  

2 
s i n c e  $,, and XI# / ( l - x  ) a r e  polynomials of degree N-2 s o  they  must 

X 

be or thogonal  t o  TN(x) .  Therefore ,  t a k i n q  t h e  Chebyshev i n n e r  

where t h e  l a s t  i n e q u a l i t y  i s  e s t a b l i s h e d  us ing  t h e  i n e q u a l i - y  

d e r i v e d  i n  Example 7.1 (v)  : 

i f  U ( X )  is a polynomial of degree N s a t i s f y i n g  u ( + l )  = 0. The 

energy bound (13.14) proves s t a b i l i t y  of t h e  t a u  approximation 

(13.11-12) . 

F i n a l l y ,  l e t  u s  d i s c u s s  methods f o r  t h e  s o l u t i o n  of  

+he p r i m i t i v e  equa t ions  (13.1) us ing  Chebyshev t a u  approximations. 

A one-dimensional model t h a t  embodies t h e  e s s e n t i a l  f e a t u r e s  

of  (13.1) is  obta ined by s o l v i n g  (13.1) w i t h i n  t h e  s l a b  -3 < x < 1, - - 
-a < y 5 a, with  an assumed s o l u t i o n  of t h e  form - 

+ 
v = ( u ( x , t ) e  i k y  i k y  iky  

v ( x , t ) e  1 ,  p = p ( x , t ) e  

f o r  some r e a l  wavenumber k. L e t  t h e  Chebyshev expansion 

c o e f f i c i e n t s  of  u ( x , t ) ,  v ( x , t ) ,  p ( x , t )  be denoted a s  unit), 

vn ( t )  , pn ( t )  ( 0  5 n 2 N )  , r e s p e c t i v e l y .  Then an uncond i t iona l ly  

s t a b l e ,  implici: f r a c t i o n a l  s t e p  method f o r  t h e  s o l u t i o n  of (13.1) 

i k y  wi th  a f o r c i n g  term (f ( x , t ) e  , g ( x , t ) e '  - s d  t o  t h e  r i g h t  s i d e  is 



- 
v,, (t* At) - vAtvA2) (t+bt) = vn 

N N 
1 ( l)nunit+~~) = 1 ( l)"v,,(t+~t) = 0. 

n=O n=O 

Here we use the notation that, for example, un ( 2 )  represents 

the Chebyshev coefficients c t  uu(x,t). The scheme (13.15-21) 

is based on backwards Euler tine differencing; it is straight- 

forward to generalize (13.15-21) to other more accurate time 

differencing nethods . 
The fractional step (13.15-18) involves computation 

of the pressure field by imposition of the incompressibility 

condition (13.17). Only the boundary conditions u(+l,t) = 0 

are applied because this part of the time step is effectively 

inviscid so only the normal flow can be specified at the 

boundary. Thus, we drop (13.15) far n = N-1,N in favor of 

the two boundary conditions (13.18). The fractional step 

(13.19-21) involves the viscous term in (13.1) so boundary 

conditions are applied on both tile narmal velocity component 

u and the tangential velocity component v. Accordingly, the 

tau method involves dropping (13.19-20) for n = N-l,N in favor 

cf theae boundary conditions. 



The system (13.15-21) is s o l v e d  as fo l lows.  Mul t ip ly ing  

(13.15) by i k  and s u b t r a c t i n g  the result from t h e  Chebyshev 

x - d e r i v a t i v e  o f  (13.16) g i v e s  

- - (l) - ikun  = (t) - ikun  ( t )  + A t  [gn (I) ( t)  - i k f p  1 
vn n  

S u b s t i t u t i n g  Gn = i ; , ( l ) /k  from (13.17) g i v e s  

- ( 2 )  2- 2  2 
un -k un = u ( ~ )  n  ( t ) - k  -. u n ( t )  + dt [-ikgA1) ( t) - k  f n ( t )  ] 

Eq. (13.22) w i t h  t h e  boundary c o n d i t i o n s  (13.18) is  o f  ' h e  

same farm as (13.19-20) w i t h  boundary c o n d i t i o n s  ( l 3 . 2 l j .  

These e q u a t i o n s  a r e  b e s t  s o l v e d  by t h e  a l g o r i t h m  d i s c u s s e d  

a t  the end of  Sec. 10. 

The s t a b i l i t y  a n a l y s i s  o f  (13.15-21) i s  as fo l lows.  

The e v o l u t i o n  o f  a  p e r t u r b a t i o n  i s  governed by (13.15-21) 

w i t h  f n  = gn = 0  f o r  a l l  n. The re fo re ,  t h e  s o l u t i o n  of  (13.22) 
- 

is u  = u n ( t )  f o r  a l l  n. Al,so, c,n = v n ( t i  f o r  a l l  n. F i n a l l y ,  n  

t h e  i m p l i c i t  scheme (13.19-21) is  an  u n c o n d i t i o n a l l y  stable 

scheme for s o l u t i o n  o f  t h e  h e a t  equa t ion .  Th i s  proves  t h a t  

(13.15-21) is u n c o n d i t i o n a l l y  s t a b l e .  

The methods d i s c u s s e d  i n  t h i s  s e c t l o n  ex tend  t o  g i v e  

s t a b l e  methods f o r  s o l u t i o n  of t h e  n o n l i n e a r  Navier-Stokes e q u a t i o n s .  

For example, i f  t h e  f o r c i n g  t e r m  (f,g) i n  (13.15-16) i s  chosen 
1 

to  b e  t h e  n o n l i n e a r  terms of  t h e  Navier-Stokes e q u a t i o n s ,  o u r  

a n a l y s i s  shows t h a t  s t a b i l i t y  of (13.15-21) is  de termined by s t a b i l i t y  

r e s t r i c t i o n s  on t h e  nor  l i n e a r  terms a lone  



14.  Misce l l~~~~ . (bous  Applications of  Spec t ra l  - Methods 

In t h i s  Section,  w e  survey some s p e c i a l  t op i c s  regarding 

s p e c t r a l  methods. Some of these  t op i c s  are s t i l l  under a c t i v e  

i nves t iga t ion ,  so t he  r e s u l t s  repor ted here  a r e  very inconplete.  

C o q l i c a t e d  Geometries 

There a r e  two ways t h a t  s p e c t r a l  methods can be used 

t o  so lve  prob lem i n  complicated geometries without in t roducing 

b a s i s  funct ions  t h a t  a r e  s p e c i a l  t o  t h e  geometry and, t he re fo re ,  

unwieldy and i n e f f i c i e n t  t o  use. The two methods are mapping 

and patching. 

Mapping involves transforming the  complicated domain 

i n t o  a s impler  one by means of a coordinate  transformation.  

Spec t ra l  methods a r e  then applied i n  t h e  simple geometry 

using the techniques discussed i n  earlier sect ions .  For 

example, if we wish t o  so lve  the  h e a t  equation 

i n  the two-dimensional domain 

f o r  some given function f ( x )  with t h e  boundary condi t ions  

t h a t  u = 0 on the boundary of the  domain, we would proceed 

a s  follows. F i e ,  w e  make the coordinate  transformation - 
z = y/f ( X I  (-I - < z < 1) ( 1 4 . 2 )  

and r ewr i t e  (14 .1)  as 



Then, w e  expand u (x ,z ,  t)  i n  a double Chebyshev series 

and i n t e g r a t e  (14.3). For  t h i s  purpose,  a hybr id  numerical  

scheme is  suggested i n  which t i m e  d i f f e r e n c i n g  is s t a b i l i z e d  

by a semi- impl ic i t  method (see Sec. 10)  i n  which a simple 

d i f f u s i o n  opera tox is  added and s u b t r a c t e d  from (14.3). The 

s imple  d i f f u s i o n  o p e r a t o r  is  then  eva lua ted  us ing  a t a u  

method (because t h e  t a u  method i s  s i m p l e s t  when no complicated 

n o n l i n e a r i t i e s  o r  nonconstant  c o e f f i c i e n t  terms a r e  invo lved) ;  

t h e  remaining nonconstant  c o e f f i c i e n t  term i n  (14.3) is then  

e v a l u a t e d  us ing  f a s t  F o u r i e r  t r ans fa rms  and t h e  c o l l o c a t i o n  

method. The r e s u l t  is an e f f i c i e n t  and a c c u r a t e  method f o r  

s o l u t i o n  o f  ( 1 4 . 1 ) .  

Techniques l i k e  t h o s e  j u s t  d e s c r i b e d  have been a p p l i e d  

a t  a v a r i e t y  of  problems wi th  much succe3s.  I f  a convenient  

c o o r d i n a t e  t r ans fo rmat ion  is  a v a i l a b l e ,  the mapping technique  

combined w i t h  a p p r o p r i a t e  s p e c t r a l  methods may be ex2ected 

t o  be  very  use fu l .  

The i d e a  of pa tching is t h a t  i f  t h e  geometry is t h e  

union of  s e v e r a l  s imple r  geometr ies  ( l i k e  an L-shaped r e g i o n )  

then  s p e c t r a l  approximations can be formulated i n  each of 

t h e  s i m p l e r  domains and then  patched across t h e  boundaries  by 

r e q u i r i n g  t h a t  t h e  s o l u t i o n  (and an a p p r o p r i a t e  number of  

d e r i v a t i v e s )  be smooth. When t h i s  technique  i s  a p p l i e d  

t o g e t h e r  w i t h  t h e  mapping technique  d iscuesed above, it i s  

p o s s i b l e  t o  d e v i s e  s p e c t r a l  s h o c k - f i t t i n g  methods f o r  t h e  

s o l u t i o n  of  compressible  flow p r o b l e m  + These methods r e q u i r e  

much f u r t h e r  i n v e s t i g a t i o n  t o  judge t h e i r  use fu lness  i n  p r a c t i c a l  

problems. 



Poiaemnls Equation i n  mo and Higher Dimeneions 

The Chebyshev t a u  equa t ions  f o r  Po i s son ' s  equa t ion  

2 V u = f i n  t h e  square  - l < x < l ,  -l2<1 are - - - 
!2 , O )  (0 ,2)  

unm + fnm - -  - - (O<n<N-2,O<mU+2), (14.4) 

whi le  thz D i r i c h l e t  boundary c o n d i t i o n s  u = 0 a r e  

Here w e  expand u (x,y)  and f (x ,y) i n  the double Chebyshev series 

P q and w e  denote  t h e  Chebyshev expansion c o e f f i c i e n t s  of aP+qu/ax ay 

by u g n q )  The 2N+W+4 boundary c o n d i t i o n s  a r e  n o t  a l l  l i n e a r l y  

i ndependent; t h e r e  e x i s t  f o u r  l i n e a r  r e l a t i o n s  among them, namely 

Thus, (14.4-6) g i v e s  (N+l) (M+l) equa t ions  f o r  t h e  (N+l) (M+1) 

unknowns unm (O<n<N, - O<m<M). - - 
Using (10.7) [o r  ( ~ . 2 0 ) ] ,  t h e  system (14.4-6) can h e  reduced 

t o  a block t r i d i a g o n a l  ma t r ix  equa t ion  modified by e x t r a  f u l l  *.- .. . .-. 

rows corresponding to  t h e  boundary c o n d i t i o n s  (14.5-6). These 

equat ions  can be so lved by s t andard  b lock t r i d i a g o n a l  a lgor i thms 

3 3 i n  o r d e r  N M o r  o r d e r  NM opera t ions .  I f  Po i s son ' s  equa t ion  must 

be so lved s e v e r a l  times wi th  t h e  same va lues  of N and M b u t  d i f f e r e n t  

func t ions  f ( x , y )  , it is more e f f i c i e n t  t o  apply a l t e r n a t i v e  methods. 



- 
2 

A method t o  s o l v e  (14.4-6) i n  o r d e r  N M o p e r a t i o n s  (with 

a p reprocess ing  s t a g e  t h a t  r e q u i r e s  o r d e r  N~ o p e r a t i o n s )  i s  

a s  fol lows.  F i r s t ,  w e  f i n d  t h e  N-2 e igenvalues  A and eigen- 
P 

vec to r s  e I? p (p = 0,. . . ,K-2) of  t h e  equa t ions  

The e igenva lues  h are a l l  nega t ive  ' a s  proved i n  Example 7.3 (ii) . 
P 

Then w e  form t h e  (N+l) x (N+l) m a t r i x  E whose elements  a r e  

E = e  ( O i n L N , O F p ' N - 2 )  
nP nP 

%,~- l  
= 6 

n ,  0 
(0 j n < N )  - 

E = 6 
n ,N n , l  

(0 < n < N )  - - 
and compute the i n v e r s e  mat r ix  D = E-l. Since  t h e  boundary 

cond i t ions  (14.5) a r e  s a t i s f i e d  by unm, it fol lows t h a t  

f o r  s u i t a h l e  v f o r  a l l  n,m. Therefore ,  s e t t i n g  
F'm 

it fol lows t h a t  (14.4-6) become 

E q s .  (14.11-12) may 

M m 1 ( 2 1 )  vPm = 0 (022N-2) . (14.12) 
m 4  

be so lved e f f i c i e n t l y  ( i n  o r d e r  NM o p e r a t i o n s )  

f o r  v us ing  the a lgor i thm d i scussed  a t  t h e  end of  Sec. 10. 
Pm 

Once v is  fonnd, u, may be recons t ruc ted  from (14.9).  The 
Pn' 

2 t o t a l  operat!on count  is o rder  N M [from t h e  t w o  matr ix  m u l t i p l i e s  



(l4.9-lO)] . 
The solution of Poisson's equation by the Chebyshev 

series method outlined above is very competitive with finite- 

difference solution using fast Poisson solvers. Zang & 

Baidvogel (1977) present a number of comparisons of the Chebyshev 

methods and fast Poisrron solvers. 

There are two further complications that may arise in 

elliptic boundary-value problems. First, the elliptic equation 

may have nonconstant coefficients or may even be nonlinear. 

Here we recommend that spectral equations be solved using 

relaxation methods of the kind advocated by Concus & Golub (1973), 

in which the heart of the algorithm is the fast, efficient 

solution of Poisson-like equations. Second, the geometry 

may be more complicated than a box. In this case, we recommend 

the implementation of capacitance matrix techniques (or 

equivalent Green's function techniques) in which the problem 

to be solved is imbedded in a simpler geometry, l i ~ e  a box 

(see Buzbee et a1 1971). Again, the heart of the algorithm 

is fast solution of Poisson's equation using (14.9-12). 

Coordinate Singularities 

When spectral methods are applied to problems in 

cylindrical or spxerical geometries, their formualtion may 

require special care at the coordinate singularities. These 

'pole problsms' have been extensively investigated (Orszsg 1974, 

Tang 1977). As a simple example of these effects, let us 

consider the c~mputation of the eigenvalues of 3essel's equation 

using t.he Chebyshev tau method (Metcalfe 1974). The problem is 



to find the eigenvalues and eigenfunctions y(x) of 

for 0 - < x - < 1. The exact eigenvalues are related to the zeros of the 

2 Bessel function J,: = jnp where J,(j )=O, p=l,2,... . 
P nP 

Wheil n is even, the eigenfunctions of (14.13) are even 

functions of x; when n is odd, the eigenfunctions are odd. 

This fact suggests that we 

in terms of series of even 

and odd polynomials when n 

represent the solution to (14.13) 

Chebyshev polynomials when n is even 

is odd, Thus, for n odd we write 

In Table 14.1, we list numerics1 values for the smallest eigenvalue 

of (14.13) with n = 7 using the series (14.14), the boundary 

condition y(1) = 0, and the Chebyshev tau method. The convergence 

of this method, while very impressive as M increases, is slowed 

by the coordinate singularity of (14.13) at x = 0. In general, 

series of the form (14.14) behave like x as x + 0. In this 

case the term y'/x and y/x2 are singular at x = 0. The true 

eigenfunctions J7 ( jn7x) behave like x7 as x + 0, as may easily 

be shown using Frobenius' methd, so none of the terms of (14.13) 

are in fact, singular 'lor the exact eigenfunctions. 

It is possible to improve the convergence of (14.14) by 

imposing additional 'pole conditions', like y' (0) = 0. When 

yV(O) = 0 i.n the series (14.14), the terms of (14.13) are 

individually nonsingular. In Table 14.1, we also list numerical 

valuer of the smallest eigenvalue of (14 .l3) A t h  n = 7 and 

the two boundary conditions y (1) a: 0, y ' (0) = 0 a2pliad. There 
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T a b l e  14.1 

I 
M A1 w i t h  y ( l ) = O  X1 w i t h  y(l1=y1 ( O ) = O  i 

I 14 169,111983340 122.895944051 

I 10  126.557832251 122.90762C295 

22 122.991799598 122.907600,279 i 26 122.908250800 122.9076Q0204 

1 E x a c t  122.90 16C0204 122.907600204 
I-.. -...-_.. ------- --- ! 
T a b l e  14.1. S m a l l e s t  e i g e n v a l u e  o f  (14.13) w i t h  n = 7 

o b t a i n e d  u s i n g  (14.14) and t h e  Cheb , .  hev t a u  method, 

M is t h e  number of Chebyshev po lynomia l s .  The e x t r a  

boundary c o n d i t i o n  y V ( O )  = 0 is a pole c o n s t r a i n t  a t  

the s i n g u l a r  p o i n t  x = 0 of (14.13).  



is c l e a r l y  a drama,Lic improvement i n  t h e  rate oC convergence. 

I t  is a l s o  pos8 ib le  t o  make t h e  problem less s e n s i t i v e  t o  

pole propert 'es nea r  t h e  o r i g i n  by f i r s t  m u l t i p l y i n g  (14.13) 

2 by x t o  e l i m i n a t e  e x p l i u i t l y  s i n g u l a r  terms and then  applying 

t h e  t a u  methodrs TLe r e s u l t s  of t h e  l a t t e r  t r i c k  a r e  e s s e n t i a l l y  

t h e  same as applying t h e  po le  cond- 'ion y ' (0)  = 0 d i r e c t l y  t o  

(14.13). 

If p o l e  cond i t ions  a r e  n o t  p roper ly  a p p l i e d ,  it i s  p o s s i b l e  

t o  degrade s i a n i f i c a n t l y  t h e  accuracy of s p e c t r a l  congctatj .ans.  

It is even p o s s i b l e  t o  inducc s t r o n g  i n s t a b i l i t i e s  t h a t  a r e  

absen t  when p roper  p o l e  c o n d i t i o n s  are app l i ea .  These m a t t e r s  

a r e  d i scussed  i n  d e t a i l  by Orszag (1934) and T~~~ (1977). 



15. S~urvey of  S p e c t r a l  Methods and Appl ica t ions  

I n  t h i s  Sec t ion ,  w e  g i v e  a b r i e f  survey of s p e c t r a l  

methods and aome o f  t h e i r  r e c e n t  a p p l i c a t i o n s .  There are 

f i v e  importa~..ic f e a t u r e s  o f  s p e c t r a l  methods t h a t  should be  

considexed i n  t h e i r  formula t ion  and a p p l i c a t i o n .  They a re :  

(i) Rate of convergence - I f  t h e  s o l u t i o n  t o  a problem - 
is i n f i n i t e l y  d i f f e r e n t i a b l e ,  then  a p roper ly  designed 

s p e c t r a l  method has  t h e  p roper ty  t h a t  errors go t o  ze ro  

f a s t e r  than  any f i n i t e  power of t h e  number of r e t a i n e d  modes. 

I n  c o n t r a s t ,  f i n i t e - d i f f e r e n c e  and f in i t e -e lement  methods 

y i e l d  f i n i t e - o r d e r  r a t e s  of convergence. The  impor tant  

consequence is t h a t  s p e c t r a l  methcds can achieve  h igh accuracy 

w i t h  l i t t l e  more r e s o l u t i o n  than is requ i red  t o  achieve  moderate 

accuracy. 

(ii) E f f i c i e n c y  - The development of f a s t  t ransform 

methods permi ts  s p e c t r a l  methods t o  he implemented with 

comparable e f f i c i e n c y  t o  t h a t  of f i n i t e  d i f f e r e n c e  methods 

with t h e  same number of independent degrees  of freedom. 

However, s i n c e  s p e c t r a l  methods t y p i c a l l y  r e q u i r e  a f a c t o r  

of  2-5 fewer d q r e e s  of freedom i n  each space  d i r e c t i o n  t o  

achieve  mc15-- r~te  accuracy ( say ,  5% e r r o r ) ,  t h e  s p e c t r a l  

computations can be cons iderably  more e f f e c t i v e .  A s  t h e  

requ i red  accuracy incr*ases ,  t h e  a t t r a c t i v e n e s s  of  s p e c t r a l  

methods i n c r e a s ~ s .  

(iii) Boundary cond i t ions  - A s  shown i n  e a r l i e r  Sec t ions  

~f t h i s  monograph, t h e  mathematical f e a t u r e s  of  s p e c t r a l  

methods fol low very c l o s e l y  those  of  t h e  p a r t i a l  d i f f e r e n t i a l  
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e q u a t i o n  b e i n g  so lved .  Thus, t h e  boundary c o n d i t i o n s  imposed 

on s p e c t r a l  a ~ p r o x i m a t i o n s  are normal ly  t h e  same as t h o s e  

imposed on t h e  d i f f e r e h t i a l  equa t ion .  I n  contras t , '  f i n i t e -  

d i f f e r e n c e  methods o f  h i g h e r  o r d e r  t h a n  t h e  d i f f e r e n t i a l  e q u a t i o n  

r e q u i r e  a d d i t i o n a l  'boundary c o n d i t i o n s . '  Many o f  t h e  

compl i ca t ions  o f  f i n i t e - o r d e r  f i n i t e - d i L f e r e n c e  methods d i s a p p e a r  

w i t h  the i n f i n i t e - o r d e r - o c c u r a t e  s p e c t r a l  methods. 

Another a s p e c t  of  t h e  t r e a t m e n t  of boundary c o n d i t i o n s  

by s p e c t r a l  methods is t h e i r  h igh  r e s o l u t i o n  o f  boundary 

l a y e r s .  I f  t h e  s o l u t i o n  to  a  problem h a s  a boundary l a y e r  

rr of  t h i c k n e s s  c , t h e n  o n l y  about  l / r  po ly romia l s  [see (3.50)  1 need 

be r e t a i n e d  t o  a c h i e v e  hig.1 accuracy .  13 c o n t r a s t ,  f i n i t e -  

d i f f e r e n c e  methods u s i n g  e q u a l l y  spaced  g r i d  p o i n t s  would r e q u i r e  

abou t  l j€ g r i d  p o i n t s  t o  r e s o l v e  such a boundary l a y e r  s o l u t i o n .  

Moreover, i f  a c o o r d i n a t e  t r a n s f o r m a t i o n  is employed t o  improve 

the r e s o l u t i o n  @f a boundary or i n t e r n a l  l a y e r  o f  t h i c k n e s s  , 

t h e  errors o f  s p e c t r a l  methods a r e  dec reased  f a s t e r  t h a n  a r y  

f i r l t e  power o f  t- as F a 0. 

[ i v )  D i s c o n t j n u i t i e s  - S u r p r i s i n g l y ,  spectral ne thods  

do  e batter job  o f  l o c a l i z i n q  e r r o r s  t h a n  d j  f f e r e n c e  schelnes 

and hence r e q u i r e  c o n s i d e r a b l y  less l o c a l  d i s s i p a t i o n  t o  smooth 

(v! Boo t s t rqp  e s t i m a t i o n  o f  accuracy  - I t  is oftelr 

p o s s i b l e  t o  e8timat.e t h e  accuracy of s p e c t r a l  computa t ions  

by examina t ion  of t h e  shape of t h e  spectrum. Thus,  i n  computat ions  

o f  t h r e e - d i m n a i o n a l  i ncompres s ib l e  f lows  a t  h i g h  Reynolds numbers, 

the mem-square v o r t i c i t y  spectrum must n o t  increase a b r u p t l y  a t  



l a r g e  wavenumbers (small s c a l e s ) ;  i f  t h e  v o r t i c i t y  spectrum 

decreases smoothly t o  0 as wavenumber i nc r ea se s ,  it i a  s a f e  

t o  i n f e r  t h a t  t h e  c a l c u l a t i o n  is accurate .  On the a t h e r  hand, 

sinilar c r i t e r i a  f o r  f i n i t e -d i f f e r ence  methods can be very 

misleading. 

Let us  now survey some app l i ca t i ons  o f  s p e c t r a l  methods 

to  incompressible f l u i d  dynamics. W e  s h a l l  c l a s s i f y  t h e  method 

according t o  the boundary condi t ions  and geometry. 

(i) Pe r iod i c  boundary condi t ions  i.1 Car tes ian  coord ina tes  - 
Here Four ie r  series are appropr ia te .  S p e c t r a l  methods have 

been r egu l a r l y  used i n  three dimensions wi th  32 x 32 x 32 

modes and i n  two dimensions w i + h  128 x 128 modes t o  s imula te  

homogeneous tuzbulence. Most ope ra t i ona l  codes naw use  

psaudospectral  ( coUoca t ion)  methods because a l i a s i n g  e r r o r s  

are usua l ly  small. The key f a s t  t ransform methods a r e  described. 

i n  d e t a i l  by Orszag ( 1 9 7 1 ~ ) .  

More r ecen t ly ,  more ambitious s p e c t r a l  codes have been 

developed. The KIXIBOX code employs 1024 x 1024 Four ie r  modes 

i n  two dimensions whi le  the CENTICUBE code uses  up t o  

1.28 x 128 x 128 modes i n  t h r e e  dimensions. These high r e s o l u t i o n  

coileo arc now being used t o  s tudy fundamental ques t ions  

regarding high Reynolds number turbulence ,  inc luding t h e  s t r u c t u r e  
.-- 

of i n e r t i a l  ranges. - 
(ii) Rigid boundary condi t i ens  i n  Ca r t e s i an  coord ina tes  - 
Here Chebyshev polynomials should be employed. Typical  

app l i ca t i ons  t o  d a t e  include numerical s t u d i e s  of t u rbu l en t  

ahear  f lows and boundary l a y e r  t r a n s i t i o n .  Pseudospectral  

methods are uasd, with Chebyshev polynomials p a r t i c u l a r l y  
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convenient  because f a s t  F o u r i e r  t r ans fo rm methods can be 

app l  i a d  . 
(iii) Rigid  boundary c o n d i t i o n s  i n  c y l i n d r i c a l  g e o m e f s  - 

Here Chebyshev polynomials should b e  used i n  r a d i u s ,  F o u r i e r  

series i n  ang le ,  and e i t h e r  F o u r i e r  or Chebyshev series i n  

t h e  a x i a l  d i r e c t i o n  (depending on boundary c o n d i t i o n s ) .  Some 

t e c h n i a l  a s p e c t s  of t h e  implementation of  Chebyshev series 

i n  r c d i u s ,  i n c l u d i n g  p o l e  c o n d i t i o n s ,  is d i scussed  by Orszag 

(1974). Appl ica t ions  t o  d a t e  inc lude  s t u d i e s  3f t r a n s i t i o n  

i n  c i r c u l a r  Couet te  flow and p i p e  P o i s e u i l l e  flow. I n  p a r t i c u l a r ,  

it should b e  emphasized t h a t  Chebyshev polynomial expansions 

are much b e t t e r  s u i t e d  f o r  s e r i o u s  numerical work than  t h e  

a p p a r e n t l y  sore n a t u r a l  cho ice  of  Bessel f u n c t i o n  expansions 

i n  r ad ius .  There a r e  two reasons:  Chebyshev series converge 

f a s t e r  t o  g e n e r a l  f u n c t i o n s  r e g a r d l e s s  of t h e i r  boundary 

c o n d i t i o n s  and Chebyshev-spectral methods can be  implemented 

e f f i c i e n t l y  by f a s t  t ransform methods. 

( i v )  Problems i n  sphe .; c a l  - g-eometry - Here s u r f a c c  

harmonic expansions,  g e n e r ~ .  xed F o u r i e r  series, and ' a s s o c i a t e d  ' 
Chebyshev expmnions  a l l  heve a t t r a c t i v e  f e a t u r e s .  A 

d e t a i l e d  d i s c u s s i o n  of  t h e s e  methods is o u t s i d e  t h e  scope of 

t h i s  monograph, b u t  roughly speaking g e n e r a l i z e d  Four ie r  series 

permit  t h e  most e f f i c i e n t  t ransform methods t o  be developed 

followed by a s s o c i a t e d  Chebyshev expansions and +&en s u r f a c e  

harmonic expansions b u t  s u r f a c e  harmonic expansions are b e s t  

n-ch regard  t o  t h e  p o l e  problem. A v a r i e t y  of a p p l i c a t i o n s  

of these methods t o  g l o b a l  atmospheric  f l w s  have been made. 

(v) Semi- in f in i t e  o r  i n f i n i t e  geometry - Here Chebyshev 



expaxmionr a re  b e s t  if the domain can be mapped o r  truncated 

t o  a f i n i t e  domain without ser ious  er ror .  There a re  two cases 

here: addi t ional  boundary conditions may o r  may not  be 

required a t  ' in f in i ty . '  Here again the  formulation of s p e c t r a l  - . .-. - 
methods fc\llaws closely the exact  mathematics. I f  addi t ional  

boundary conditions, l i k e  radia t ion  o r  o u t f l w  bomdary conditions,  

must be imposed on the  truncated domain, then they should 

a l s o  be applied t o  the  s p e c t r a l  method. On the  o ther  hand, 

i f  mappirig without addi t ional  boundary conditicns does not  

i z t r d u c e  a s ingular i ty  i n  the exact  equations, no boundary 

conditions a t  ' i n f i n i t y '  a re  required i n  the  spec t ra l  approximation. 
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Appendix. Propextiew of Chebyshev Polynomial Expansions 

The Chebynhev polynomial of degree n, Tn (x ) ,  is defined 

by 

2 3 Thus, To(x) - 1, Tl(x) = x, T2(x) = 2x -1, T3(x) = 4x -3x. 
4 T4(x) = 8x -8x+1, and so  on. Some p rope r t i e s  of Chebyshev 

polynomials a r e  

= ( k l )  
ntp Po l  2 2 II (n -k ) / ( 2 k + l ) ,  (A .  3) 

kg0 

dF I - T (x)  I =  0 ( n 2 ~ !  (n-; p f ixed)  , 
dxP n 

T ~ ~ ( o )  = 0,  Tin+l  (0 '  = (-1lnn. 
The following formulae relate t h e  expansion c o e f f i c i e n t s  

a i n  Lac s e r i e s  n 

co the expaWi0n C O a f  f i c i e n t s  bn of 



for various l i n ~ r  operator8 L .  We uae the  constant. Cn 

and dn definod by 

Some foxmulae are: 

p+n even 

(A. 6 )  

(A. 7 )  

(A. 8) 

b+ri odd 



X p+n even t 

f l ( x ) - f ' , ( O l  : cnbn = 4 1 Pap 
Lf = 

X p=n+2 
p - r , ~ 2  mod 4 

A p-i123 mod 4 

0 

- 1 ( p-n- 1) pap 
p=n+5 , p-nzl  mod f 

i 

Lf = xf' !XI : I 'nbn 
= na + 2 Pap 

n p= n+2 

y+n even 

(A.? ' 
9 

i 
( A .  14: 

1 
8 

2 = -t (n-1) an-l + ( n + l )  ( l+dn-l+cn-i) \+l  (A. 16) Lf = x  f l ( x ) :  bn 2 
w 

+ B  p a )  
p=n+ 3 P 
p+n odd 



p+n even 

p+n even 

Also, if we expand f (q) (x) am in 

then 

( A .  20) 
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